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Overview

May be somebody of you known a good deal already about
Vector Algebra as how to add and subtract vectors, how to take
scalar and vector products of vectors, and something of how to
describe geometric and physical entities using vectors.
However, we need to focus your attention on it again, because
this topic is important enough for your further vocation
technical study.

Vector Algebra studies scalar and vector products; scalar
and vector triple products; geometric applications, moreover,
how to find the differentiation of a vector function; scalar and
vector fields. It is the first step to study what is a gradient, a
divergence and curl-definitions and its physical interpretations;
product formulae; curvilinear coordinates. How to use Gauss’
and Stokes’ theorems, and evaluation of integrals over lines,
surfaces and volumes. And also you can continue to study
more complicated concepts as a derivation of continuity
equations and Laplace’s equation in Cartesian, cylindrical and
spherical coordinate systems and other.

I hope this course will help to revise your knowledge about
the concept vector and remind acts with them, combining
vector algebra with calculus, and goes on successfully their
new application in your special study.



Acknowledgement

The author expresses their gratitude to Svitlana Zubenko,
an Associate Professor of the Department of Foreign
Languages of O. M. Beketov National University of Urban
Economy in Kharkiv for the assistance rendered in the process
of preparing this tutorial, for her valuable linguistic remarks
and constructive advices in editing the text in English.

I am also grateful to reviewers for their attention to our
work, for their comments and their support in the process of
working on this tutorial.



THE MAIN CONCEPTS OF VECTOR DEFENITION

Many physical quantities, such as mass, time, temperature,
are fully specified by one number or magnitude, because they
are scalars. But description of other quantities require more
than one number. They are vectors. You have already met
vectors in their more pure mathematical sense in your course
on linear algebra (matrices and vectors), however, often in the
physical world, these numbers specify a magnitude and a
direction as a total of two numbers in a 2D planar world, and
three numbers in 3D. Obviously, examples of such quantities
are velocity, acceleration, electric field, and force. Below,
probably all our examples will be of these “magnitude and
direction” vectors, but we should not forget that many of the
results extend to the wider realm of vectors. There are three
slightly different types of vectors:

*free vectors: in many situations only the magnitude and
direction of a vector are important, and we can translate them
at will (with 3 degrees of freedom for a vector in 3-dimensions,
because there are three linearly independent planes that the
rotation can take place in).

ssliding vectors: in mechanics the line of action of a force
is often important for deriving moments. The force vector can
slide with 1 degree of freedom.

*bound or position vectors: when describing lines, curves
etc. in space, it is obviously important that the origin and head
of the vector will not be transformed about arbitrarily. The
origins of position vectors all coincide at an overall origin O.

As we know, a line, which has positive direction, is named
axis, if there is a starting point at this axis, it is a coordinate
axis.

Let two points A, B be given on the coordinate axis Ox.
If one of these points, for example, A, is taken as the
beginning, and the other point, B, as the end of the segment
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bounded by these points, then this segment is considered as a
direction segment.
Definition 1. The vector is a directed line segment and it is

denoted AB and drawn as arrow (Figure 1).

The vector AB may also be indicated by one Latin letter
with an arrow on top, for example: a (Figure 1). If we write
the vector BA , it means that this vector has start at the point B
and its end is at the point A. In this case the vector BA

(Figure 2) is named the opposite vector to the vector AB and

AB=-BA.
a / A
a B
./;
‘/:
A B
Figure 1 Figure 2

Since the vector is a directed segment, then besides the
direction it has, as well as any other segment, the length. The
length of the vector is understood as such a positive number,
which determines the length of the same directed line segment

and is denoted by ‘E‘ or ‘ZI‘ In other words, the length of a

vector can be considered as the distance between two points on
the coordinate axis Ox, which are its ends. There is fair:

‘E‘ = ‘— Eﬁl‘ (look at the figure 2).
Definition 2. The opposite vectors are two vectors with
opposite directions and equal lengths.

The number expressing the vector length is also called the
vector magnitude, which is a scalar value (or vector modulus).
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Definition 3. Zero vector is a vector whose beginning and

end are the same, AA4. Denoted by 0 or 0. The zero vector
has no direction and his magnitude is zero |O| =0. So, we can

say that the zero vector is a point.
Definition 4. A unit vector (or ort) is named a vector
whose length is equal to one.
Definition 5. Collinear vec-
tors are vectors located on one

'/AV/‘ straight line or on parallel straight
b

lines and denoted by a//b
. (Figure 3).
Figure 3 Zero vector is considered
collinear to any vector.
If collinear vectors have the same direction, then they are
named unidirectional vectors, otherwise, they are named
oppositely directed vectors.

Definition 6. Two vectors are considered equal (a=>0) if
they are equally directed and have the same length.

Note 1. Two vectors are equal only if they can be
combined without turning.

LINEAR OPERATIONS OVER VECTORS

Linear operations include adding and subtracting vectors,
multiplying the vector by a scalar. Let
us consider only free ones vectors.
Addition of vectors. We know
two rules how to add vectors.
Triangle rule. The sum of vectors

Zz and Z) is the third vector ¢

(2=5+5), the beginning of which
coincides with the beginning of the
8
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first vector a, and the end with the end of the second vector b
(Figure 4).

Similarly, the sum of any finite number of vectors is
obtained.

The sum of several vectors is a vector obtained after
numerous sequential additions of vectors. That is, such a
vector, the beginning of which coincides with the beginning of

the first vector-term, and the end of
which coincides with the end of the

V\EIA last vector-term (Figure 5)
) lg me=atbhtevdt ]
S This rule is called the polygon
¢ rule or the chain rule.
Note 2. The sum of the opposite
vectors is zero-vector:

a+(-a)=0.

d

Figure 5

Rule of parallelogram. If the

-

vectors a and b are non-collinear
vectors, then the sum of the vectors

a+b is determined by the
following constructs (Figure 6): we
build parallelogram on these
vectors. The diagonal of this
parallelogram, emerging from the
common origin of vectors, will be
the sum.

Note 3. The rule of
parallelogram is not applicable for
collinear vectors.

Subtraction of vectors. As we know the subtraction is an

opposite act to the addition, so we can consider it as
9

Figure 6



a-b=a+(-5).

. b Triangle rule (Figure 7). To get

a=b the subtraction of the vectors a and
~ b, it is enough to bring the vectors
a

to the joint start, and then construct

Figure 7 a vector whose origin coincides with

the beginning of the vector B, and

the end of the vector a —b is the end of the vector a.
Rule of parallelogram. To get
) the subtraction of the vectors, it is
‘ ! enough to join them at the start point
1
i and construct the parallelogram

- ' (Figure 8). Diagonal of the obtained
b parallelogram is connecting the end
a point of the vector a with the end

point of the vector b will be the

Figure 8 vector of their subtraction a—b.
Note 4. The subtraction
magnitude may be less than the minuend magnitude, but may
also be greater or equal.
Multiplication of a vector
. by a scalar. (NOT the scalar
a product!) To multiply a vector

Aa,A>0 . o
/ a by a scalar A (which is not

equal to zero, A#0), it is
necessary to construct a new

- vector (Figure 9), the length of
Aa,2 <0 which is multiplied by A. Its
Figure 9 direction coincides with the

direction of the vector a if
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A >0, or has the opposite direction of the vector Zz, if 1<0.

Properties of linear vector operations:
1. The addition of vectors is commutative:

at+b=b+a.
2. The addition of vectors is associative:

- —

a+b+c=a+(b+c); a+b+c=(a+b)+c.

3. The multiplication by a scalar (properties are similar to
the basic properties of numbers multiplication):

,u(ﬂ,a): (,ul)g (e A)E = ,ua +Aa;
ula +b—¢)=pa+pb—pc, Aa=0,if A=0 or a=0.
4. The sum of any vector and the zero vector:
a+0=0+a=a.

—_—

Note 5. Any vector can be represented as: a=a,-

—

a

9

where @, is an ort, having the same direction with the vector

a. To find the unit vector a, in the direction of Zz, simply
divide by its magnitude:

Example 1. Simplify the expression

45_3z+5z+72_55
2 3

Solution. Let us lead the given expression to a common
11



denominator

4a=3b+5c Te=S5a_12a—9b+15c+14c—10a _

2

6

2a—9bh+29¢

6

Note 6. Actions with vectors are performed similarly to
actions with real numbers.

-

\

U

Figure 10

to none.

Definition 7. Collinear
vectors are vectors that lie on
one line or are located on
parallel lines.

Look at the figure 10, there
are some collinear vectors, for
example,

allb, alle, bllec,

but vector d is non-collinear

Example 2. In the parallelogram ABCD (Figure 11) are,

B C\
i \\E%
)
Figure 11

-

AB=a, AD=b. Express the

_—  — — —  —

vectors BC, CD, AC, BD, DB,
CA through aand b.

Solution. Vectors BC and AD
are collinear vectors having equal
lengths (because they are opposite
sides of the parallelogram that are
equal) and the same direction.
According to the definition 6 about
the vector equality, we get

12



BC=AD and AD=b=BC. Vectors CD and AB are
opposite vectors and they have equal lengths. According to the
definition 2 about the opposite vectors, we have the following

@:—R:—E:—&,inthisway CD=-a.

Vector AC is a sum of vectors AB and BC , but
B—(fzﬂ),so ZJ=5+Z).Further,

- -

Ci=AC={a+B)=—a-b.

According to the definition of two vectors subtraction, we
get BD=AD—- 4B or @zi)—&,because E:Z), AB=a.

Similarly, we know that BD and DB are opposite, i.e.
ﬁ:—ﬁj, but @zi)—&, so we get that

DB=-BD=—{p-a)=a-b.

Example 3. Prove that any triangle whose sides are equal
and parallel to the medians of the given triangle is existed for
any triangle.

Solution. Let it be the given triangle ABC (Figure 12). So,

AB+BC+CA=0,

according to the properties of linear
vectors operations.
Denote the midpoints of the

C sides BC, CA, AB by points 4,,
B,, C, respectively.

Directed segment can be
presented by the following equality

Figure 12

EZE+B—4:@+%R.

13



Similarly,

B—g:ﬁ:%a,c—q:a%@

Add all of these equalities and get

A4 +BB,+CC, =E+R+@+%(@+R‘+a)=

:%(E+B_C+@)=0.

Thus, AA + BB +CC, =0 this is what was required to

prove.

Example 4. Prove that the medians of any triangle ABC
(Figure 13) intersect at a point M such that: 1)the distance

Figure 13

from this point M to each
: . 2
triangle vertices is equal to 3 of

the length of the corresponding
median; 2) this equality

O_M%(O_A+0_B+R*) is truth

for any point O

Solution. Let the point M cut
off two-thirds of the segment AB
from the point 4. Then

oT4:oT4+m:o—,4+§E:o—,4+§(o—z>_o—,4):

:a+§6(ﬁ+&)_&]:§(&+o—g+®.

14



We get the same result for any other median of the triangle
ABC . 1t suggests that the point M is a common point for all
three medians of the triangle. From the solution of this problem
it follows that if the point is intersection point of the medians
of any triangle ABC and a point O is an arbitrary point then
truth equality makes sense

0M=%(0_14+0_B+%).

Definition 8. If the vectors « and b are collinear vectors,
then there is a scalar A which is named the ratio of vector b to

the collinear vector a (E #0).
In the other words, the vectors collinearity condition can

be written in a form: b= Aa,or = =4 (5:521).

a
Definition 9. Vectors
c parallel to the same plane, or
EEE— lie on the same plane are

called coplanar vectors.
~ Coplanar  vectors are

a/v I;\‘ presented at the figure 14,

such vectors are a and b,

vectors ¢ and d are not
coplanar vectors, they are not
on the same plane.
Figure 14 It is always possible to
find a plane parallel to the
two random vectors, so any two vectors are always coplanar.

d
4—

15



AXIS PROJECTION

The expression “vector projection on the axis Ox” can be
used in two senses as geometric and algebraic (arithmetic).
Suppose we have a vector and we need to project this
vector on the axis. In order to project a vector, we put down the
perpendiculars from the ends of this vector to the intersection
with the given axis Ox
B (Figure 15).

- In this case, the vector
A'% A'B' is a geometric projection
1 —_—
! of the vector AB. It can be

: ! denoted

0 4 B projo, AB = proj,.a=A'B".

The geometric projection
of the vector on the line Ox is
also named a  vector
component on the line Ox or
vector coordinate.

Note 7. Equal vectors have a B
equal components. In case of a i
parallel vector transfer, its 4 i
components are also subjected ! ]
to parallel transfer (along the A
axis). It is obvious that the B’
components of the same vector
in two parallel lines are equal. Figure 16

If the axis Ox is presented

Figure 15

oy

as a vector ¢ (Figure 16), then the vector A'B’ is also named
the geometric projection of the vector AB on the direction of

the vector c. It is denoted proj ZE’ proj Zﬁ .

16



The algebraic projection of the vector AB on the line Ox
or vector ¢ is algebraic value A'B’ of the vector A'B’. In the
other words, the algebraic projection of the vector is his length
taken with a plus or minus sign, depending on whether the

projection is aligned with the direction of the axis on which the
projection is performed.

Properties of vector projections

1. The projection of the sum of vectors on any axis (or

vector) is equal to the sum of the projections of these vectors
on the axis (or vector).

For example (Figure 17a),

proj, (A_(f + Fé)z proj,A—(f + proj,C_é .

B

Ar Cr Br i l

Figure 17a Figure 17b

2. The algebraic projection of a vector on any axis is the
product of the length of the vector on the cosine of the angle
between the vector and the axis (Figure 17b):

proj,a= ‘a‘cosa .

17



VECTOR ELEMENTS OR COMPONENTS
IN A COORDINATE FRAME

As you know, the coordinate method is a way of
determining the position of a point or body using numbers or
other characters. Depending on the goals and nature of the
study, various coordinate frames are chosen. We will use this
method to represent the vector as a set of some values. If three
pairwise perpendicular lines are drawn through a certain point
in space, a direction is selected on each of them (indicated by
an arrow) and a unit of measurement for segments is selected,
then they say that a rectangular coordinate frame is specified in
space. It is the 3-dimensional Cartesian coordinate frame
o(x,y,z).

Draw a vector from the origin point O to an arbitrary point
M(x,y,z) and project the vector OM =a onto coordinate
planes (Figure 18). The vector OM like any other vector can

be decomposed into three terms that lie on the coordinate axes,
SO

Figure 18

18



OM =OM,+OM,+0OM, .

Remind you. The Cartesian coordinate frame in space is
called the collection of a point and a basis. The point is usually
denoted by the letter O and is called the origin. The straight
lines passing through the origin in the direction of the basis
vectors are called axes of coordinates. Planes that pass through
coordinate axes are called coordinate planes. A Cartesian
coordinate frame is called rectangular if all its coordinate axes
are perpendicular in pairs.

As we know the vector OM projections OM,, OM,,

OM, onto coordinate axes are proj, OM, proj, OM,

projOyO—M accordingly, we also know the points coordinates
M ,(x,0,0), M,(0,,0), M,(0,0,z), so we have

OMI :proijOM:xa 0M2 ZPFOJOyW:y,

OM, = projOyO—M =z.

If we put unit vectors i, }', k (Appendix A) on each of
the coordinate axes, then the vector can be written as

OM =xi+yj+zk,

where x,y,z are coordinates of the vector a (write it like this

a= (x, v, z) and vectors xi‘, y}', zk are called vector elements

or vector components. Vector oM (Figure 18), going from
origin point O to the given point M is called a radius-vector
of the point M .

19



If we have two different
points M, and M, with
their radius-vectors
OM, =r,, OM, =r,
(Figure 19) respectively then

M>(x2,y2,22)

vector MM, =(x,y,z) can
be expressed by the formula

MM, =r,—r

1°

Figure 19 it can be rewritten for its
coordinates as

X=Xy =X V=V, =)V 252, = 2,

that is the vector coordinates are equal to subtraction of the
corresponding coordinates its ending and starting point.

The length of the vector (vector magnitude) is calculated
by the formula

=\/(x2 _xl)z +(y2—y1)2+(22 _21)2 .

A magnitude of the vector a= (x, y,z) (or vector length)

‘E‘ =X+ 4z,
Example 5. Points M,(-5,1,-3), M,(-2,-3,1) are given.

Find the coordinates and magnitude of the vector M M.

MM,

can be found

Solution. Coordinates of the desired vector M, M, can be

found as a subtraction of the corresponded coordinates of the
last point and start point, like this

MM, =(-2—(=5),-3-1,1-(-3))=(3,-4,4).

20



A vector magnitude we find using the formula above

‘;‘:w/x2+y2+z2, :\/32+(—4)2+42:\/ﬂ.

Note 8. The collinear vectors have proportional
coordinates, and vice versa, if the coordinates of two vectors
are proportional, then these vectors are parallel (look at
definition 8).

Example 6. Vectors a= (2,4,—6), b= (— 1,—2,3),
c= (6,0,0), d= (0,1,3) are given. Which of these vectors are
collinear vectors, is parallel to the axis, is parallel to the
coordinate plane?

MM,

Solution. Since the coordinates of the vectors @ and b are
proportional then they are collinear vectors (according to

b=a ), they have a proportionality coefficient which is equal

-1 .
to — , ie.

Sl-23 po-ln

2 4 -6 2

Comparing the coordinates of the vector ¢ with the unit

—

vectors ;', 7, %, we conclude that vector ¢ parallel to the x-

axis (vector cis parallel to the vector i located on the x -axis).
Since the vector d has a zero x -coordinate (x =0), i.e. its

projection on the x -axis is zero, then vector d is perpendicular
to x -axis and parallel to the coordinate plane 0yz.

Note 9. 1f one of the vector coordinates is zero, then this
vector is perpendicular to the corresponding coordinate axis.

For example, the vector a= (2,1,0) is perpendicular to the z -
axis, because his applicant is zero (z =0).

21



Note 10. If a vector has only one nonzero coordinate then
this vector is parallel to the corresponding coordinate axis. For

example, the vector a= (0,—5,0) is parallel to the y -axis.

Example 7. Points M and N are taken on the
parallelogram side 4D and its diagonal AC, that so

|AM | = l|AD
5

AN| :%|AC|. Prove that the points M, N, B

9

lie on one line. In what ration does a point N divide a segment
MB (figure 20)?

B ¢ Solution. For proof that the

points lie on one line we need to

prove that vectors MN and

MB are collinear vectors.
y M D We know from the tasks
statements that

Figure 20

|AM |= l|AD , |[AN| = l|AC| :
5 5

Then
- ] — 1—
MN:AN—AM:gAC—gAD:

~ (4D + DC)- 4D - (sDC - 4D).

On the other hand,
— = ] 1

MB:AB—AM:AB—gﬂ)':g(sEB—A_D').

Since AB=CD, then it follows from the obtained equality:

MB =6MN . It means that the points M, N, B lie on one
line, and point N divide a segment MB as 5:1.

22



Consider some properties of vectors that are often used in
solving geometric tasks.

Let the point C is belonging to the vector AB. Obviously,
AC| 4,
G

, that is

it divides this vector in some ratio —, 1.e.,
n

possible in case when Aac="1s (Figure 21).
n

2 If the points 4, B, C are

n given by their radius-vectors OA,
C OB, OC relative to some
m coordinate system. Then from the
y 0 equality AC =" CB we have that
n
Figure 21 @’—@:ﬂ(@»—aﬁ),
n
from this we can find
0C=—"—04+-"_0B.

m+n m+n

The written above formula expresses the radius-vector of

the point C which divides vector AB in ratio m:n using the
radius- vectors of the points 4 and B.

In particular, if the point C is a midpoint of a vector E,
e 1 . s
then OC = E(OA + OB). If the coordinate system 0, i, j, k is

given, and the coordinates of these points are set A(x,,y,,z,),
B(x,,v,,z,) then the coordinates of point C which divides

vector AB in ratio m:n, can be expressed by following
formulas:

23



X, = X, + Xys Yo = + 5
m+n m+n m+n m+n
n m
Zo = Zl+ Zy.
m+n m+n

In the case when the point C divides the vector AB by
half, we obtain the following formulas for calculating the
coordinates of this point
_NtX Nt _atz
- s Cc s ZC -

2 2 2

Note 11. 1If three points lie on one straight line and are
defined with respect to a certain point by their radius-vectors,
then the formula is

Xc

OC = kOA+(1-k)OB,

where k = m

, 1—k= .
m+n m+n

However, the converse is also true: the implementation of
the above formula guarantees that three points belong to the
same straight line. This also follows from the definition of
collinearity of vectors.

On the other words, three points 4(x,,y,,z,), B(x,,,,2,),
C(x,,y,,2,) belong to the one straight line in a space if and

only if there is such a number & and it is such that
Xy =X =k(xX, —x), ys =y =k(y,= ), z; -z, =k(z, - z)).

In the particular case, when the points A(x,,,), B(x,,7,),
C(x,,y,) are given on the plane (i.e. in a coordinate system 0,

>

i, } ), then the previous condition will look like this

Xy =X =k(x, =), 3=y, =k(y,—»).
24



Since the points A(x,,y,) and B(x,,y,) do not coincide,

either x, #x, or y, #y,. Let’s suppose that x, # x,, then find
k:

X, —X X, —X
k==—=" and Vs=h= : l(yz_yl)-
X=X X T
Consequently,

(J’3 _yl)'(xz _'xl):('x3 _xl)'()b _J’1)'

We get this result when we suppose that y, # y,. Thus,
this is the condition under which three points A(x,,y,),
B(x,,,), Clx,,y,) lie on one straight line. Obviously, if

x, #x, and y #y, that condition is equivalent to the

following condition

N5 _ V™0

Xo =X V=N

Example 8. Determine the coordinates of the vector end-
point B if the coordinates of the beginning point A(-2,1,5)

and midpoint C(-3,6,1) of this vector are known.
Solution. Use these formulas

X X It z,+2,
X =—", ===z =—
C 2 C 2 C 2
where x.=-3, y.=6, z.=1, x=-2, y =1, z =5.
Express unknown coordinates of a point B(x,,,,z,) and get
the following formulas:

_ AN

X 5 , 2Xp =X+ Xy, Xy =2X, — X5

25



_ItY

Ye > s 2Ye =N+ Y0 V=20 = Vs
Zo= lezz , 22 =2,+2,, 2, =22, —z,.

Substitute the given values of the coordinates of the points
and  calculate: X, =2x.—x =-6-2=-8. Similarly,
Y, =2y.—-y =12-1=11, z,=2-5=-3. So, coordinates of
the end-point B is (-8,11,-3).

Example 9. The straight line MN is given by the
coordinates of the points M (5,0,1) and N(4,1,-2). At what
values x and y will belong the point K(x,y,4) to the line
MN ?

Solution. Use formulas of calculation of the coordinates of
the point belonging to the line (note 11), namely,

X=X =k =x), ys=y =k, =0), z,-2,=k(z, - z).
In our case we have
x=5=k(4-5), y-0=k(1-0), 4-1=k(-2-1),
and get
k=-1,x=6, y=-1.

So, the point K will belong to the straight line
MN ,K e MN , if x=6, y=—1.
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ACTIONS ON VECTORS GIVEN BY THEIR
COORDINATES

Consider linear operations with vectors for the case when
the vectors are given in coordinate form.

Definition 10. The coordinates of the vectors sum are
equal to the sums of the corresponding coordinates of the
vectors terms.

For example, vectors a = (x,,¥,,2,) and b= (x,,7,,2,) are
given, and we need to find the vector of their sum

a+b:(x1 + X5, 0, + 5,2 +zz).

Definition 11. The coordinates of the vectors subtraction
are equal to the subtractions of the corresponding coordinates
of the vectors terms.

For example, vectors a =(x,,y,,z,) and b =(x,,y,,z,) are

given, and we need to find the vector of their subtraction. It
will be

— —

a—b:(xl — Xy ¥y = Vas 2 —zz).

Example 10. Find the coordinates of the vector a, if
a=2c¢+3d,and ¢ =(1,-2,-4), d =(~503).

Solution. Vector a is a sum of vectors 2¢ and 34 . Find
them using definition 10 and 12.

2¢=2-(1,-2,-4) = (2,-4,-8); 3d =(~3-5,0,3-8) = (-15,0,24);
a=2c+3d =(2,-4-8)+(~15,0,24) = (~13,-4,16).

Example 11. Find the magnitude of the vector 6, if
q=AB-3CD, A(1,-2-4), B(1,0,-2), C(5,-11), D(0,-2,6).
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Solution. Vector 6 is a subtraction of vectors AB and
3CD . Find them (look at examples 2 and 3)

AB=(1-1,0+2,-2+4)=(0,2,2);
CD=(0-5-2+1,6-1)=(-5,-15),

3CD =(-5-3,-1-3,5-3)=(~15,-3,15);
q=A4B-3CD=(0,2,2)—(~15,-3,15)=(15,5-13);

‘5‘:\/152 +57 +(=13) =+/225+25+169 =+/419..

—

Definition 12. The coordinates of the vector a
multiplication by the scalar A are equal to the multiplication of

the coordinates of the vector a by this scalar 4.
For example, vector a = (x1 , yl,zl) is given, and we need to
find the vector b=al. Accordingly to the mention above

definition, we have to multiply each coordinate of the vector a
by this scalar A, so

b=a=(2x, Ay, z,).

Note 12. Moreover, these found vectors a and b will be
collinear (based on the collinearity condition above).

Example 12. Check, are vectors E; and c_'; built on
vectors a = (1,-2,2) and b=(3,0,-1) collinear, if ¢, = 2a +4b,
¢,=3b-a.

Solution. Define the coordinates of the vectors E; and c_'; ,

which are linear combinations of vectors a and b :

2a=2-(1,-2,2)=(2,-4,4), 4b=4-(3,0,-1)= (12,0,-4),
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¢, =2a+4b=(2+12-4+0,4—-4)=(14-4,0);
3b=3-(3,0-1)=(9,0,-3), a =(1,-2,2),
¢, =3h-a=(9-1,0-(-2)-3-2)=(8,2-5).

Use the collinearity condition and note 12, we have to get
the correct equalities

—_

X~ y- oz
S_Qoro N =1.
c, X— y— Z—

&) &) €2

Compare the obtained coordinates of vectors E; and c_';,
and get

14 -4 0
—E—F—#A,
8§ 2 =5

from here we can make conclusion that the vectors ¢, and c,

are not collinear.

Let’s go on to consider the

z angles formed by a vector with
a coordinate axes. Look at the
figure 22. We can see three

y angels which were formed by

B the vector @ with the x-axis

% (angel «), y-axis (angel S),

a and z-axis (angel y). Angels
a, P and y are called

direction angels and the cosines
of these angels are called
direction cosines for which the following equality is correct:

Figure 22

cos’a +cos”> f+cos’y =1.
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If the vector a is given with its coordinates a= (x, y,z),
the formulas for the search of the direction cosines are,

X z -
COSOCZ‘T, cosﬂ:%, cosy = — ;where ‘a‘:w/x2+y2+zz .

a ‘a ‘a

Note 13. Coordinates of the vector a = (x,y,z) expressed
in terms of the direction cosines are:

—

x= ‘a‘cosa , Y= ‘a‘cosa , Z= ‘a‘cosa ;

coordinates of the unit vector e equal to the direction cosines
e= (cosa,cos B,cosy).
Example 13. Vector a forms with the y-axis and z -axis

angles equaled to 60°. Find the angle between the vector a
and the x -axis.

Solution. ~As we know  B=y=60", then
cos B =cosy =cos60° = % Use the equality for direction

angles: cos’a +cos” B +cos’y =1. Find the direction cosines
for angel S and angel ¥ :

, 1 (1Y , 1
cos’a+|—| +|—| =lorcos"a=—,
2 2 2

1 1 1
+t—, cosa, =—, COoSat, = ———.
V2 b2 o2

Therefore, we have two answers: o, =45°, o, =135°.

from here

cosa =
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SCALAR PRODUCT OF VECTORS

Definition 13. The scalar product of two vectors is a scalar
equals to the product of magnitudes of these vectors and the
cosine of the angle between them (Figure 23).

It is denoted a-b or (E,Z;) and

: calculated by the formula:
¢ E-B:‘Z-E-cosw,
b where ¢ is angel between two vectors
Figure 23 a and b.

Note 13. The sign of a scalar
product depends on the angle formed by the vectors a and b.
If the angle ¢ is an obtuse angle (in this case, 90° < ¢ <180°
and cos@ <0) then the scalar product has a negative sign,
otherwise, if the angle ¢ is an acute angle (0° <@ <90°,
cos@ > 0) then the scalar product has a positive sign.

Geometrical interpretation of a scalar product

Analyzing the graphical representation of cases when the
angle between the vectors is acute (Figure 24a) and obtuse
(Figure 24b), we can describe the scalar product as the product

sy 5 [l
b
a|cos @ a|cos @ 2
Figure 24a Figure 24b
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of the magnitude of one vector and the component of the other
in the direction of the first one, since Hcosgo is the component

of a in the direction of 5 and also ‘E‘cosqo is the component

of b in the direction of a. So, the scalar product can be
rewritten in the projection form

a-b= ‘E‘-pmj;ﬁ :‘E‘pmj;g .
Consider the case when the angle between the vectors is
right angle, ie. @ =90°, then cosp =co0s90’ =0, and the
scalar product equals zero. So, we came to the following

conclusion that if vectors are perpendicular then their scalar
product is zero, and vice versa,

9=90", alb < ab=0.
It is called the orthogonality (perpendicularity) condition.

Properties of a scalar product

1. The scalar product is commutative: it does not change
after transposition places of terms,

- -

a-b=b-a.
2. The scalar product is distributive over vector addition,

a-lp+c)=abra-c.
3. The scalar product of two vectors multiple by a scalar,
Ala-b)=(ra)-b=a-(25)
Note 15. The aforementioned properties make it possible to
apply the same transformations, which were applied in algebra

to ordinary pair products of factors of the first degree, to the
scalar product.

Example 14. Simplify the expression (2; —3b)c+ 53)
Solution. Open the parentheses, performing multiplication
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(2a—35)¢ + 5d )= 2ac — 3bc + 2a5d - 3b5d =
= 2ac—3bc+10ad —15bd .
Example 15. Factor the expression 6ab +9ac .
Solution. As we see both terms of the expression have a

common factor 3a, put it outside the parentheses
6ab +9ac =3al2b + 3¢).

4. If vectors a and b are collinear vectors then their
scalar product equals product its magnitudes taken with a plus
or minus sign, depending on whether they are directed in the
same direction or opposite one:

a-b==lal-b|.

Really, if vectors a and b have the same direction, i.c.

-b|; if vectors a and b

©=0" and cosp =1, then E-E:‘E
have the opposite direction i.e. ¢ =180° and cosg =—1, then
5=l

5. The scalar square of a vector is equal to the square of its

magnitudes:

-2 —|2
a al .

aicfifi-
-2
Note 16. According to the property 5, the scalar square a

of the vector @ is a positive number (or zero). So, we can find
roots of any power from this number. In particular, we can
calculate the square root,

\/3 -
a = ‘a
that is to say, the arithmetic square root of the scalar product is
the vector magnitude.

9
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Note 17. There is no scalar cube in vector algebra, since
the scalar product cannot be applied to three factors.
Note 18. The scalar product of unit vectors:

w2
1-1=1 =

2 -2 -2

=1,j =1,k =1;

>

i

i 5=0(Li)iE=0(FLi), F-R=0(LR)
Let’s consider how to find the scalar product of two
vectors when these vectors are given in Cartesian form, for

instance, a = (x,,¥,,2,) and b= (x,,7,,2,). The scalar product
is expressed by formula
Z-szl Xy + YV, 2z z,.
Find the angel between vectors a and b. Since the scalar

product can be calculated by using formula from the definition
13,

35 =i -coso.
express the cosine of angel ¢
a-b
COSP = =1 >
b
i.e. the cosine of angel between two vectors equals ratio of the
scalar product of these vectors to the product of their
magnitudes.

If vectors are given in Cartesian form, we can use this
formula

XXtV Ytz 0z,

cosg = 2 2 2 2 2 2
X, +y1 +Z1 "4/ X, +y2 +Z2

Example 16. Prove that the vectors Z) =a —4?2—62) and b
b
are orthogonal.
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Solution. As we know, vectors are orthogonal if their
scalar product is equal to zero. Check this, multiply the vectors

2GR I AN =2 [>—
z;:z(z_@]zzz_ﬂ{?):za_d?):za_z;:o.
b b b

Since l;; =0 then 5 and ; are orthogonal vectors
(bLp).

Example 17. Find the projection of the vector AB on the
direction of the vector CD if points A(—2,1,3), B(2,—l,7),
C(l,2,—5), D(0,5,3) are given.

Solution. Use the geometrical interpretation of a scalar
product, namely,

a-b= ‘E‘-pmj;ﬁ :‘E‘pmj;g ,
for our task it looks like
proj. AB - AB-CD
CD

Find coordinates of vectors AB and CD (look at the
example 2), their scalar product and magnitude of the vector

CD:
AB=(2+2,-1-1,7-3)=(4,-2,4); CD =(-133);

AB-CD=4-(1)+(-2)-3+4-8=—4-6+32=22;
‘C—D‘:w/(—l)2+32+82 —J119+64 =74 .

Find the projection of the vector AB on the direction of the
vector CD:
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22
V74
Note that the obtained value of projection has a positive
sign, it means that the projection has the same direction with

the vector on which it is projected, and also, analyzing the
scalar product sign, you can say that the angel between the

projcj AB =

given vectors AB and CD is an acute angel.
Example 18. Find the angel between vectors a =2m +4n

and b=m—n , where ‘n?‘ = H =1, and angel L(%,Z): 120°.
Solution. Calculate the angel between two vectors

(remember that ‘;1‘2 = Hz =1) by the formula
Jd= Vi = Jlm+an) -

:\/4;12 +16mn+16n =\/4+16;12+16 =20 +16mn ;
5" —lr i o —amaer —2—2mn
5.5:(2%4;).(;1_;):2;12+4;n7_z;1;_4#:znzz_z;
B =2 —2mn =3
‘E‘zmzmzﬁzzﬁ;a-bzzmn—2:—3.

ab

CoSQ =

@‘i

‘m‘ ‘ ‘ cos120° =

1
Finally, we get the answer: cos¢@ = , then

1 1 2
@ =arccos| —— | =7 — arccos——ﬁ—ﬁz—ﬁ or ¢ =120°.
2 2 3 3

Example 19. Prove that the sum of the parallelogram
diagonals squares is equal to the sum of its sides squares.
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Solution. Let vectors a, b, g; and d_; be parallelogram
sides and diagonals respectively, and 3; —a+b, and
z —a—b. Draw vectors a =04, b=0B from the point O
(Figure 25). Then, obviously, 3; =0OC=a+b and

z:ﬂ:;—l;. We have the

- A ¢ following for scalar squares of
a diagonals E and cT:
= B JI —(a+Bf =a +2ab+5;
o b
4 =(a-bf =a" —2ab+D’.
Figure 25
Add these equalities and get:
—2  —2 -2 =2
d, +d, zz[a +b )
Whereas,
=2 a2 s =2 -2 2
d =‘d1 =l a =ld .5 =]f,
SO
—2 —2 —|2 —2
‘dl +‘dl =la| +[[

as required to prove.

Example 20. Prove that the heights in an arbitrary triangle
intersect at one point.

Solution. Let ABC be an arbitrary triangle, it has the
heights AD and BE, and AD 1 BC, BE 1 AC, and also a

point O is the intersection point of the triangle heights
(Figure 26).
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Introduce some denotation:

B Od=a, OB=b, OC=c, and
F D F is the intersection point of 4B
and CO.

According to the definition
of the vectors subtraction we get

4 E . L -
C AB=b—-a, BC=c-b,
a—

Figure 26 CA = Z.
In that AD 1 BC according to
the orthogonality condition we have ;(Z' —l;): 0 this implies:

a-c=a-b. Similarly, @LA_C, SO

b-(a—Z’)zO:l;-E:a-b.

Comparing the obtained equalities for scalar products of
vectors, we get

Ge=c-b= claB)=o0.
Since OC=c¢, AB=b-a then taking into account the

previous equality we get that OC | 4B thus CF isa height of
this triangle. Hence, the

c B, heights in an arbitrary
: D triangle intersect at one
! 4, point.

Example 21.  Find
value of the angles
between the cube

C diagonal and its side
b 4 faces diagonals (Figure
27).
Figure 27
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Solution. Let DB be a cube diagonal and AB BA are its
side faces diagonals (Figure 27). Set up the coordlnate system
A, ;', }', k so that /TDzaZ’, E:a}', Hza% where a is
a cube edge length.

Express vectors A—B;, ﬂ; and D—B; through vectors i, /,
k:

E:E+H:a}+aB:0;+a}+aB;

ﬂ:—ﬁ+ﬂ;:—a}+aB:0;—a}+aB;

—_— —  — — —

DB DB+ A4, = AB - AD+AA—a] ai + ak .

Thus, the vectors A—B;, ﬂ; and D—B; in defined by us
coordinate system has such coordinates

E = (O’G’a); ﬂ = (Oa_aaa); ﬁ; = (_a,a,a).

Use the formula to calculate the cosine of the angle
between the vectors and get

cosp = fli , cos(A—Bl,D—B;): AB, - DB, _
- AB|-|DB
0+a’ +a’ 24° _ 24° :\/g‘
\/0+a +a’ \/ f+d*+a’ \/2a2-\/3a2 aJo 37

knowing the cosine value, we can find the angle value using
the corresponding tables. Similarly, we find the angle value
between the vectors

—»—-:ﬂ-ﬁ_ 0+( )+a2
coS(BAl,DBl) BA|-DB \/ e \/ R

:0,
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from here we can conclude that
cos|BA,, DB, )= 0= /(B4,, DB, )=90".

Physical interpretation of a scalar product

Consider the vector a= AB
F F which is  drawing  rectilinear
displacement of a material point and

A 4 the vector F = AF is a vector of a
force (Figure 28) acting at this point,

-

then the scalar product F-q is equal
numerically to work A4 of a force

Figure 28 F . However, during calculating a
work A, only force component on

the vector a and also the magnitude ‘E‘ are taken into account,
ie. projgl? ,80 A :‘5pr0j;75 or A=a-F.

Example 22. A material point weighing 20g has shifted
due to the gravity along a plane inclined at the horizon at an

angle 45° and located at a distance 0,04m .
Solution. A weight force (20g =0,02kg ) is drawing by the

vector AF (Figure 28) with a length 0,02m . The displacement

of the point is represented by the vector AB with a length
0,04. The angel between vectors AF and AB is 45°:

‘F‘ - ‘ﬁ‘ ~0,02;

d|=[4B|=004; AaF)=45".

—

Calculate the scalar product a-F:

a-F =0,02-0,04-cos45" = 0,0008- = =0,0004-+/2 ,

NG
2
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thus, a force work is 4 =0,0004 - ﬁ(kg/m).

Example 23. Determine the force

A E in the bars 4B and BC if the load
— P=3H is suspended so on these bars
60 B as shown in the figure 29.

Solution. The load P create a force

F F which, as we know from mechanics,
30° p balances the reaction of the bars 4B
and BC, and besides, the reaction of

C the bar AB 1is directed along this bar

from the point B to the point 4, and
the reaction of the bar BC is directed
along this bar from the point C to the
point B (Appendix B). Denote the reaction of the bars 4B and

Figure 29

BC, respectively, as 7, and i
Then from the task we get

FoT+T .

Construct a parallelogram FEBPF .  Since F=EF ,
+

—

i’; - BE, i — FB. Then, considering equality F = T;
get:

—

1,, we

EF = BE +FB.
From the task we know that ‘ﬁ‘:& /EFB=30",

ZBEF =60°, and consequently ZFBE =90°. Thus, from a
right triangle we have the followings:
1 3

‘ﬁ":‘ﬁ‘-smo":}z =2=15;

3

‘ﬁ;‘:‘ﬁ‘-cosm" =3-7=¥=1,5-\/§;
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—

.,|=15- V3H . Thereby, the
force in the bar 4B equals 1,5H , and the force in the bar BC
equals 1,5-3H .

Example 24. Force F:;'—S}' is spread out in two

from here we get that W =15H,

directions, one of them is given 1_7; =2i+2; . Find the second

component of the force F.
Solution. The unknown component of force F is denoted
by E =(x,y). Since F = 1_7; + E then we have

F:E+E:22+2}'+x2’+y}', 2‘—8}'z22‘+2}'+x2+y}'
or
i—-8j=i(x+2)+ j(y+2), i(x+2-1)+ j(y +2+8)=0.

Since the vectors i and }'are not equal to zero at the same
time, equality could be equal zero only if the coefficients
before i and j are simultaneous equal to zero, i.e.

x+2-1=0and y+2+8=0,
solving these equations together we get the answer: x=-1,
y=-10. In this way, the second component of the force F is
F,=—i—10j.
Example 25. Find a vector d is collinear to vector
a= (1,2,-3) and satisfies the condition a-d=28.
Solution. Let vector d has coordinates (x,v,2), S0 d is

collinear to vector ¢ and d = Aa according to the definition of
collinear vectors. Then x=Ax., y=Ay-, z=1z-, ie. x=1,

y=2A, z=-3A. Also we know that the scalar product of
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vectors d and @ equals 28 which can be calculated by the
following formula

- —

a-d=x-x,+y -y, +z-2,.
In our tasks it looks like
a-d=1-21+2-21-3-(=3), a-d =28, A+41+91 =28,
141 =28, 1 =28:14, 1 =2.

So we found out the proportionality coefficient A and now

we can find the coordinates of the sought vector d directly,
that is

x=2,y=4,z=-6; d=(2,4-6).

Example 26. Find a vector ; knowing that it is
perpendicular to the vectors 2:(2,—3,1), l;:(— 1,—2,3) and
satisfies the condition ;(z + 2}' — 775) =16.

Solution. Denote the coordinates of unknown vector ; as
(x,v,z). By the task, this vector ; is perpendicular to the two
vectors a and Z), and, therefore, the scalar products of these
vectors are equal to zero, i.e. ;; =0, l;; =0, According to

the formula for calculating the scalar product in the coordinate
form, we get:

;-;:0, 2x-3y+z=0;
b-p=0, —x—2y+3z=0.

Also, we know about third scalar product, namely, it is
pli+2j-7%)=16 or x+2y-7z=16.
Taking into account all three conditions, we compose a

system of equations and solve it using the Cramer method.
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2x-3y+z=0,

-x—-2y+3z=0,
x+2y—-T7z=16.
2 -3 1
A=|-1 -2 3[=28-9-2+2+21-12=28,
1 2 -7
0 -3
A=10 -2 3|=(=1)"-16-(-9+2)=-112,
16 2 -7
x:AIZle:—4’
A 28
2 0 1
Ay=l-1 0 3|=(-1)"-16-(6+1)=-112,
1 16 -7
A, —112
YTA T 8
2 -3 0
Ay=|-1 =2 0|=(-1)"-16-(-4-3)=-112,
1 2 16
:ﬁ:ﬂ:_4.
A 28

Check the obtained results, substituting the found values of
variables x =—-4, y=-4, z=—4 into the each equation of the
system
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( 4)-3-(-4)-4=0, [-8+12-4=0, [ 0=0,
2-(—4)+3 (—4): , 4+8-12=0, 4 0=0,
_4+2( 4)-7-(-4)=16; |-4-8+28=16; (16=16.

So, the vector ; satisfying the given task conditions has
the coordinates x=—4, y=—4, z=—4.

Example 27. Prove that a quadrilateral with vertices at
points A4(-5,3,4), B(-1,-7,5), C(6,-5,-3), D(2,5-4) is a
square.

Solution. Define the coordinates of the vectors:

AB=(-1+5-7-35-4)=(4-10,1);
BC=(6+1,-5+7,-3-5)=(7,2,-8);
DC=(2-6,5+5-4+3)=(4.-10,1);
AD=(2+55-3,-4—-4)=(7,2,-8).

Comparing the vectors coordinates, we get

—_— — — —

AB=DC, BC=A4D.

Since

=7*+3%+8 =4117,

‘E‘:\Mz +(=107 +1> =117

then
3 - - i -
Consider the scalar product
AB-BC=4-7+(-10)-2+1-(-8)=0= 4B L BC.

Therefore a quadrangle ABCD is a square.
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VECTOR OR CROSS PRODUCT

Definition 17. The vector product (or cross product) of
vectors @ and the non-collinear to it vector b is the third
vector ¢ which is satisfied to the following conditions:

1) vector ¢ (Figure 30) is
perpendlcular to two vectors

a and b;
2) the magnitude of the

vector ¢ is equal to the
product of magnltudes of the

vectors @ and b and the
cosine of the angel between
them, i.e.

Figure 30

-

C

-

-1b

-sing;

3) coordinates systems of vectors a, b, ¢ and i, j, k

have the same orientation (Appendix C) and turning from the
first vector to the second one have to be a moving in the
direction of counter clock-wise.

The vector product is denoted l;,l; or c=axbh.
Note 19. The result of vector product is a vector.

Geometrical interpretation of a vector product
According to the vector product definition, the magnitude
of the vector ¢ (H = ‘E X 5‘) equals area S of the parallelogram

OACB (Figure 30) built on these vectors a and b.
Example 28. Calculate the area of the parallelogram built

on the given vectors a and Z), if their magnitudes are 0,8 and

0,5 respectively, and the angel between them is 30°.
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Solution. From geometric interpretation of vector product
we know that the parallelogram area equals the magnitude of

-

b

-sing,

the vector product, S :‘2 xl;‘ or §S= ‘Z’ , also H = ‘E
so we can find the area
S=lc|= ‘3‘ : ‘E‘ -sin @ =0,8-0,5-sin30° = 0,2 (units of area).
Note 20. Geometrically, the vector product is useful as a
method for constructing a vector perpendicular to a plane if
you have two vectors in this plane.

C

Note 21. If vectors a and b are collinear then the
parallelogram OACB has a zero area. In accordance with it, the

vector product of two collinear vectors is zero vector, 0. And
we have a collinearity condition as

allbeaxb=0.
Physical interpretation of vector product

Let we have a system of material points 4, C, B
(Figure 31) which are bonded to each other and the point O.
Let a force 1_7; be applied at the point 4, a force E be applied
at the point B, a force E be
applied at the point C. The
physical value a moment M;
of the force 1_7; (Appendix D)
applied at the point A4

relatively to the point O is
drawing by the vector

product @xl_?; Similarly,
moments M;, M; of the

—_— —  —

forces E and E can be written as OB x F, , OC x E .
If a sum of these vectors

Figure 31
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S = 0ixF +OBxF. + OCxF.
is a zero vector, then a system is static equilibrium; if the

—

vector § is not zero vector, the system is in the rotational
motion.

Properties of the vector product

1. The vector product is not commutative, it means the
order in which we do the calculation does matter and changing
items order in the vector product leads to the changing of its
sign

axb=-bxa.
2. The vector product is distributive over addition:
axlprc)=axbraxe or 3 +B)e=axe+bre.
3. Associative property with respect to a scalar factor:
(la)x b= A(E X Z;)

4. The vector product of the vector on itself (or two equal

vectors) is zero vector:

axa=0.

—

Example 29. Simplify the expression (2; - 35)>< (a + 55)
Solution. Open the parentheses, considering the given
above properties of the vector product, and get

(20— 35)x (a +5b)= 2axa—3bxa +2ax 55— 3bx 55 =
=0-3bxa+2ax5h—0=3axbh+10axb=13axb.
5. The vector product of the unit vectors (Appendix A):

> > -

ixi=0, jxj=0, kxk=0;
ixj=k (kLi, k1)), jxk=i (jLlikLi),
ixk=—j (jLi,kLj).
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Example 30. Calculate the triangular area on the vectors
p=a-2b, g=2a+2b,if ‘E‘:H:& and angel 4(&,5):600.

Solution. In accordance with geometrical interpretation of
the vector product, the parallelogram area can be found as a
magnitude of the vector product, thus triangular area can be
computed as half parallelogram area, namely,

- -
S, = 5‘ p X q‘ .

Find the vector product magnitude of the vectors ; and

q:
}5><§ :(E—25)><(22+2E):25x5—45x;+;x25—45x5:

;xg‘:‘6axg

V3

= 6[ad|sin a.b)=6-3-3-sin60° = 54 =213

:—4l;x5+5><2l;:42xl;+22xl;:6axl;;

9

6‘2><l;

So, the desired triangular area is 2743 (units of area).
Vector product in Cartesian form

If we need to find the vector product of the vectors given
in a coordinate form, like this a=(x,y,z) and

—

b=(x,,9,,2,), we can use the determinant with these vectors
coordinates and the first row is the standard basis vectors (unit
vectors) and must appear in the order given here. It looks like
this

~.
=

axb=\x, y  z|,

Xy Vo 4



or, coordinates of vector ¢, which is the vector product,

axz:z:{ }.

Also, the determinant can be calculated using the method of
cofactors, as the formula is below:

X

XN

b
X, W

N4

Yy 2

9
Z, X

- - —

X y
. 1 1
axop=1-

Xy, Vs

Vi

YV, 2

Example 31. Three forces 1_7; = (2,4,6), E = (l,—2,3),
E =(,1,=7) applied to the point A(3,-4,8). Determine the
magnitude and direction cosines of the resultant force moment
of these forces relative to the point B(4,-2,6).

Solution. If F is a force apphed at the point 4 and vector

a= BA then a vector ax F is a moment of the force F

relative to the point B .
Find the resultant force of three given forces:

F-F+F+F,
1.e. it is a sum of three vectors:
F=(2+1+1,4-2+1,6+3-7)=(43,2).

Having the coordinates of start point and end point, find
the coordinates of vector a = BA:

a=BA=(3-4-2-48-6)=(-1,-2,2).

Use the vector product formula in Cartesian form to find
the vector product ax F':
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ij ok
-1 -2 2=
4 3 2

> — — - - >

axF = —4i+8 —3k +8k+2j—6i =—10i +10/ +5k ,

axF =(-1010,5).
And a value of the resultant force moment is
[axF|=+10°+10° +5* =225 =15.
Its direction cosines are

10 2 1
cosqg=——=—,cosff=—=—, Cosy =—=—.
15 3 15 3 15 3
- - AN -2 =2
Example 32. Prove, that (axb +(a-b =a b .
Solution. Use definitions of a scalar product and vector
product of vectors

A A
al-b -sin(a,b]; a-b=lal- -cos{a,b],

square both sides of each of the written equalities:

axb=

AU —2 =2 AR AN 12 -2 AR
(axb =la| - -sm{a,b];(a-b =la| - -cos{a,b],
and add them
AU AN —2 =2 AN 12 =2 R
(axb +(a- =la| ‘b -sm{a,b]+a b -cos{a,b]:
2 o2 AN AR 2 =2
=la| b -|:sin{a,b]+cos (a b]:l 1b| .
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Since, the magnitude square of the vector is equal to its
2

—

. -2 -2 -2 . .
scalar square, i.e. |@| =a and ‘b‘ =b , the resulting equality

can be represented

-2 =2

axbf +(a-5f =a" 5.
Example 33. Find the angle between the diagonals of a
parallelogram built on vectors a= p 3q, b= 2p 4q if

p|=la=1. (}5,5]:60".
Solution. As you know, to calculate a parallelogram area,
we can use these formulas

~foxt| o 5 <[] {7 sn{ 2.

From the last formula we can find the sine of the angle

between diagonals,
sin dl ) d =TT
d -‘dl

but, for this, we need to know the area of the parallelogram and
the lengths of its diagonals. Applying the parallelogram rule for
adding and subtracting vectors, we can find the lengths of the
diagonals. Since we know that one of its diagonals is the sum
of the vectors on which it is built, and the other is the
subtraction.

d=a+b=p-3q+2p-49=3p-1q,
ZZE—B:;—3§—2;+4§:—;+§.
Calculate the magnitudes of these vectors
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WZ\/W=J(3E—7§)Z =J9252—42}5-5+49212 =

) - N
:\/ P - 'CO{P,QJ
2 = RO
=./lPl — -CO§ p.q +

Calculate the parallelogram area

-2
= 9—42%+49=\/ﬁ;

- = =2

—2p g+q =

2 1
= [1-2-=+1=1.
2

—_ - —

—

q

S = ‘axb‘ ‘p 3q) (q p] ‘pxq pxp 3q><q+3q><p‘

cons1der1ng these propertles of a cross product of the vectors
p and q: pxp 0, 3q><q 0 and pxq——pxq we get

|-zl =3 -2 s | 2 - .

Now we can calculate the angle between the diagonals of a
parallelogram

sm(df,djj =% = \/% ~0,0810,
(E,Z] = arcsin 0,0810.

Use the special tables or engineering calculator to find the
angle.
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Example 34. Find a vector that is orthogonal to the plane
containing the points 4(3,-1,8), B(4,-2,1), C(5,3,~1)

Solution. First of all we need two vectors that are both
parallel to the plane. Using the points that we have (all in the
plane) we can quickly get quite a few vectors that are parallel
to the plane. Use the following two vectors.

AB=(4-3,-2+11-8)=(1,-1,-7);
AC=(5-33+1,-1-8)=(2,4,-7).
Now we know that the cross product of any two vectors will be

orthogonal to the two original vectors. Since the two vectors

AB and AC are parallel to the plane (actually, they are lied in
the plane in this case!), also, as we know that the cross product
must then be orthogonal, or normal, to the plane. So, using the
“trick” we used in the notes the cross product is,

i j ok
ABXxAC=[1 —1 -7 =Ti—14j+4k+2k+7j+2& =357 +6k.
2 4 -7
So, the desired orthogonal plane vector is a = (35,-7,6).
Example 35. Are vectors ;:(2,—1,—3) and l;:(— 6,3.9)
parallel?
Solution. Use the cross product
ij ok
axb=|2 -1 -3=-9i+18j+6k—6k—18/+9 =0.
-6 3 9

So, the given vectors are parallel.
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SCALAR TRIPLE PRODUCT

Definition 15. The scalar triple product (also called the
mixed product box product, or triple scalar product) of three

Vectors a, b, ¢ is a number equals the scalar product of the
vector ¢ with the vector product of two vectors, a x b.

-

It can be written (a X b)-c or abc . Here, the parentheses
may be omitted without causing ambiguity, since the scalar
product cannot be evaluated first. If it were, it would leave the
vector product of a scalar and a vector, which is not defined.

Note that these three vectors are not coplanar (look at
definition 9). Case, when these vectors are coplanar, will be
considered further.

The result of the scalar triple product is a number that can
be as positive as negative, it depends on an orientation of a

vectors system a, b, c. If this system has a right-hand

orientation then the sign of the scalar triple product is plus,
otherwise, it is minus sign.

Geometrical interpretation of scalar triple product
The geometrical interpretation of the scalar triple product
is the (signed) volume of the parallelepiped (Figure 32) defined
by the three given vectors a,
b,c:

v =|(axb)d-

In case of three coplanar
vectors, the building of a
parallelepiped on these vectors
becomes impossible thus its
volume equals zero, and the
coplanar condition can be
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formulated as: if three vectors are coplanar then their scalar
triple product is zero,

—_——

abc=0.

Properties of the scalar triple product

1. The scalar triple product is unchanged under a circular
shift of its three items

abc = cab=bca .

2. Swapping the positions of the operators without re-
ordering the operands leaves the triple product unchanged. This
follows from the preceding property and the commutative
property of the scalar product

axb)e=a-pxe).
3. Swapping any two of the three items negates the triple
product. This follows from the circular-shift property and the

non-commutative of the vector product

—_—— —_— —_—— —-——

abc =-bac =—achb =—cbha .

4. Distribution property

Zz(5+3)2 =abc+adc.
5. Associative property relative to a numerical factor
2(abe) = a(4B)e = ab(12).

If vectors a, b, ¢ are given in Cartesian form,

a= (x,v,.2,), b=(x,,,,2,) and = (x5, 95,2,) then their
scalar triple product is calculated by formula
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XN 5
abc=\|x, y, z,|,
X3 Vs Z3
and a volume of the parallelepiped defined by these three
vectors is
XN g
=Hx, ¥, 5,

X3 V3 Z3

—

V= ‘abc

in which the sign is taken identical with the sign of the
determinant.

—

Example 36. Vectors E, b, ¢ are satisfied to the state

—

axb+bxc+cxa=0.Prove that these vectors are coplanar.

Solution. Do the scalar product with vectors a and the
given state and get

a(axb)+a(bxc)+a(cxa)=a-0 or aab+abc+aca=0.

However, vectors a, a, b and a, ¢, a are coplanar
(according to the definition), come to the conclusion

aab=0, aca=0,

——— —

and the expression aab + abc +aca=0 can be changed by
the new abc =0, based on which we can say that the vectors

—

a, Z), ¢ are coplanar.

Note 21. The scalar triple product, where two vectors are
equal, is zero.

Example 37. Determine the parameter value A when
vectors a = (1,2,—2), b= (1,—2,1), c= (A,—2,—1) are coplanar.
Solution. Calculate the scalar triple product
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1 2 =2
abe=1 =2 1|=2421+4-421+2+2=10-2A.
A -2 -1

If the given vectors are coplanar then abc=0, so
10-24=0=1=5.

Therefore, if A =5 the given vectors are coplanar.

Example 38. Calculate the volume of pyramid
(tetrahedron) ABCD (Figure 33) if points coordinates
A(2,2,1), B(3,0,3), C(13,4,11), D(0,2,5) are given.

Solution. Calculate the volume of pyramid ABCD using a
formula:

V:é(E,A—C,E).

First of all, find the coordinates of

vectors AB, AC, AD starting
from a common point 4 :

AB=(3-2,0-2,3-1)=(1,-2,2),

AC=(13-2,4-2,11-1)=(11,2,10),

Figure 33
AD=(0-2,2-2,5-1)=(-2,0,4);
1 2 2
(AB,AC,AD)=[11 2 10|/=8+0+40—(-8)-
2 0 4

—(—88)-0=144, V= é|144| =24 (units of volume).
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Example 39. Pyramid vertices are 4,(2,-3,5), 4,(0,2,1),
4,(-2,-2,3), A4,(3,2,4). Calculate the length of the height

drawn from the vertex 4, .

Solution. The volume of pyramid can be found by the
3V

formula, V' :S’WT'H, whence H =

base

Base A4,4,4, is a triangle; find his area using the vector

product:
A4y Ay Ay :%‘A1A2XA1A3 > AIAZ =(0-2,2+3,1-5)=(-2,5,-4),
A4, =(-2-2,-2+3,3-5)=(-4,1,-2),
i j ok
_— =5 -4 -2 -4 -|-2 5
AA xAA=-2 5 —A4=i -J +k =
1 -2 -4 -2 -4 1
-4 1 =2

=(=10+4)] —(4—16)] +(-2+20)k =—6i +12] +18k ,

‘MXTA}‘ = J(=6)* +12* +18* =/504 =614 ,

Saaas = % 614 =34/14 (unit of area).

Calculate the volume of pyramid 4 4,4,4, using the
scalar triple product of three vectors defined this pyramid. It is
vectors 4 A4, , A A4, , AA,:

V:é (44,,4,4,,44,)|, A4, =3-2,2+3,4-5)=(,5,-1),
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2 5 4
(A A, AA, AA)=|-4 1 —2[=2+80-10+4-20-20=36,
15 -1

V= é|36| =6 (units of volume).

36 6 614 6414 3414
W14 V4 V1414 14 7

Example 40. Prove that four points 4(1,2,-1), B(0,1,5),
C(-1,2,1), D(2,1,3) lie on the same plane.

Solution. As we know that four points lie on the same
plane if three vectors formed by these points are coplanar, so
their scalar triple product is zero.

Find the coordinates of these vectors, AB , AC , AD:

Then H=

AB=(0-1,1-2,5+1)=(~1,-1,6),
AC=(-1-1,2-2,1+1)=(-2,0,2),
AD=(2-1,1-2,3+1)=(1,-1,4).

Calculate the scalar triple product:

-1 -1 6
(E,I‘,E):—z 0 2/=0+12-2-0-8-2=0.
1 -1 4

Thereby, points A(1,2,-1), B(0,1,5), C(-1,2,1),
D(2,1,3) lie on the same plane.
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LINEAR DEPENDENCE AND INDEPENDENCE
OF VECTORS

Definition 16. Expression in the following form

Aa+ b+ Ac+...+A,r is called a linear combination of

vectors a, b, c,..., r with coefficients 4,, 4,, ..., 4, which
are arbitrary numbers.

- - —

Definition 17. The system of vectors c_[, b,c,., r is

called a linearly dependent if there is a linear combination
equals zero vector:

215+225+13E+...+ln;:0 (1)

at least one of the coefficients 4,, A,, ..., A4, in this linear
combination is different from zero.

- -

If vectors E, b,c,.., r are linearly dependent, then at
least one of them can be represented as a linear combination of
the rest ones, for example: if 4, # 0 it follows from equality (1)

that a = /,tzl;+/,t32+...+un;, where p, == 24, /4, i=23,...,n.

Definition 18. The system of vectors a,b,c,...,; is named
linearly independent if equality (1) holds only for A, =0,
A=0,..,4,=0

Theorem (the linear dependence of vector systems):

1) any four vectors in space are linearly dependent;

2) a system of three vectors is linearly dependent if and
only if these vectors are coplanar;

3) a system of two vectors is linearly dependent if and only
if these vectors are collinear;

4) a system of one vector is linearly dependent if and only
if this vector is zero.
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Definition 19. An ordered system of linearly independent
vectors such that any vector can be represented as a linear
combination of these vectors is named a basis in space.

A consequence of the theorem about the linear dependence
of vectors systems:

1) in three-dimensional space a basis is an ordered triple of
any non-coplanar vectors;

2) on the plane, the basis is any ordered pair of non-
collinear vectors;

3) on a straight line, the basis is any non-zero vector;

4) in the space consisting of only the zero vector, the basis
is not exists.

So, any vector can be represented as a linear combination
of basis vectors. This representation (2) of the vector in the
basis is called the decomposition and is carried out uniquely.
The expansion coefficients are called coordinates or

components of a vector in the basis. It can be written
a=ae +ae, +..+ae,, (2)

where a,,a,,...,a, are coordinates of the vector ¢ in the new
basic.

Example 41. Prove that vectors a , b , ¢ form a basis.

Find the coordinates of the vector d in this basis, if
d=(1,3,6), b =(-3,4,-5), ¢ =(1,-7,2), d =(-2,17,5).

Solution. As we know the three vectors form a basis if they
are not coplanar. Let's make a determinant of the coordinates of
these vectors and calculate it, If this determinant is not zero,
then these vectors form a basis:

1 3 6
-3 4 5/=8-15+126-24+18-35=78+0,
1 -7 2
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that is, the given vectors form a basis.

Decompose a vector d in a new basis a,b,c, write down

the vector equation: xd+ yb +z¢ =d .

Make a system of equations and solve it by Cramer's

method:
x=3y+z=-2;
3x+4y-Tz=17,
6x—-5y+2z=35,
got the result that A =78,
-2 -3 1
A =17 4 -7=-16-85+105-20+102+70=156,
5 =5 2
1 2 1
A, =13 17 -7|=34+15+84-102+12+35=78,
6 5 2
1 -3 =2
A, =3 4 17|=20+30-306+48+45+85=-78,
-5 5
I R
78 78 78

2-3.1-1=2-3-1=-2;
Check out: 3:2+44:1-7-(-1)=6+4+7=17;
6-2-5-1+2-(-1)=12-5-2=5.

Thereby, d =2d+b—¢.
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QUESTIONS FOR SELF-TESTS

1. What is a vector?

2. What is an opposite vector?

3. What is the vector magnitude? How do calculate it?

4. How to write the coordinates of a vector using unit
vectors 7, }', k?

5. What are the direction cosines?

6. What conditions do you know about a point on the line?

7. How to find the coordinates of the point which is the
middle of a given vector?

8. Is it possible to determine the coordinates of a point
belonging to a straight line if we know the coordinates of two
other points? Write down the formulas that can be used for this.

9. Formulate properties of a scalar product.

10. What do determine the sign of a scalar product?

11. In what interval is the angle between the vectors if
their scalar product is positive?

12. How to use the concept of scalar product in
mechanics?

13. What is a scalar square?

14. Does a scalar cube exist? Why?

15. What can you tell about the angle between the vectors
if the projection of one vector onto another is negative?

16. Can we use transformations, which were applied in
algebra, to ordinary pair products of factors of the first degree?

17. Can we use such transformations to the vector
product?

18. What is a right-hand system?

19. Do you need to consider the orientation of a system?

20. In which case we have to consider the orientation of a
system?

21. What is a geometric interpretation of the vector
product?
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22. Do the vector product commutative?

23. Can we use the vector product to find the vector
perpendicular to the two vectors at the same time? Why?

24. In which way can we use the concept of a vector
product to define a perpendicular vector?

25. How to calculate the triangular area?

26. Could items order be changed in the vector product?

27. What can you tell about coordinates of collinear
vectors?

28. What is a moment of the force relative to the point?

29. What vectors do we call coplanar?

30. Which of the vectors products can be used to find the
volume of the figure? How do compute it?

31. What is a coplanar condition?

32. What are the differences between the scalar product
and scalar triple product? Do they have similarities?

33. What is a basis?

34. Which of vectors are called linear dependent?

35.Could any vector be represented as a linear
combination of basis vectors? Why? In which form?

36. How to find the coordinates of the vector in a new
basis?
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TEST TO CONSOLIDATE THE STUDIED

Choose the correct answer.
1. Which of the following statements is the definition of a
vector:
a) quantity that has both magnitude and direction;
b) quantity that has only magnitude;
¢) quantity that has only a direction;
d) quantity that has a magnitude, but may or may not
have a direction.
2. At the figure below find equal and opposite vectors

—

_ p m /,

-~ & »
Figure 34

a)a=b, f=-1;b)d=e, c=—m;
c)a=g, f=—-e;d) e=1, f=—d.
3. Which of the following statements is true:
a) any two collinear vectors are linear dependent;
b) three coplanar vectors are linear dependent;
¢) any two collinear vectors are linear independent;
d) three coplanar vectors are linear dependent.
4. For what values of £ is true the equality
proj ka=k- proj,a:
a) for any £ ; b) not for one; ¢) if £ >0;d)if £<0.
5. Which of expressions determines the projection of the

vector @ onto the vector b
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- ~ a-b
a) proj.a= a‘ ;b) proj;a —%,
a ‘5

c) proj; a= ;d) proj; a=
a-b a-b

6. Define the collinear vectors: ;:(0,3,5), 5:(1,3,—2),
¢=(0,-3,-5), d =(-3,9,6), £ =(2,6,4), ¢=(39,6)

a) b and ;f;b) a and Z’;c) b and 7;d) b and e.

7. Which of these vectors: a = (0,3,5), b= (— 1,0,5),
c= (0,—2,0), d= (0,0,5), is parallel to the coordinate axis Oy

a) ;f;b) Z’;c) E;d) b.

8. Express a vector BE , which is a median of the triangle
ABC, using vectors a and b, if a triangle 4BC built on the
vectors G and b that @:5, CA=h:

SIS TN R
a) b—Ea;b) Ea—b; C) a—zb; d) Eb_
9. Radius-vector magnitude of the point 4 is 6. It forms

an angle 45" with the x-axis and an angle 60° with the y -

axis. Determine the coordinates of the point A4 if its z-
coordinate is negative:

a) (-3v2,3-3); b) (3v2,-3,-3);
¢) (3v2.3,-3): d) (-3v2.3,-3).
10. Vector @ forms the same angles 60° with the x -axis

and with the z -axis. Determine the angle between the vector a
and the y -axis

a) 45° or 135°; b) —30° or 150°;
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c) —45° or 135%; d) 30° or 150°.
11. What condition must be satisfied for the vectors ¢ and
b if vectors a —b and a +b are collinear:
a) aLlb;b) allb;c) a=b;d) a=-b.
2 AN
+ (a -b)z =
a) no; b) yes, only if allb; c) yes; d) yes, only if alb.
13. Find \ax 5\

2 2

B true

12. Does this equality ‘Z x b a

a) ‘Ez;b) 0;c) ‘5

;d) 2‘5‘.
14. What is a feature vectors a,b have if the following

relation holds for them: éa = éi)
B

a

a) all l;; b) vectors ;,l; have the same direction;
c) alb; d) a=bh.
15. What condition must the vectors a,b satisfy so that the
vectors 3a+b and a—3b were collinear
a) a=-b;b) alb;c)a=hb;d) allb.
16. Knowing the coordinates of the vertex A(1,—6,—-3) and

sides AB=(0,3,5) and BC =(4,2,-1), find the length of the
edge:
a) 7,8;b) 6,3;¢) 7,5;d) 8,2.

17. Do it a-(a+2b)+(a+B] if Jaf=4.
/|a,b)=60°:
a) 97;b) 137;¢) 63,8;d) 68,5.

5‘25, and angel
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18. Find the projection of the vector ;:(l,—3,1) on the

vector FQ if points P(-5,7,-5) and Q(7,-9,9) are given:
a)5;b)3;c)-3;d) 7.

19. Three vertices A(1,-1,2), B(5,-6,2), C(1,3,-1) of a
triangle ABC are given. Calculate the length of the height
drawn from the vertex B to the edge AC:

a) 2,5;b) 5;¢) 12,5;d) 25.

20. The coordinates of the triangle vertices 0(0,0),
A(2a,0), B(a,—a) are given. Find the angle formed by the
edge OB and median OM of this triangle

a) = arccos72; b) ¢ = arccosTS;

c) = arccosi‘ d) o= arccosi
V5 v

21. Calculate a work of a force F = (3,-2,-5) applied to

the point 4(2,-3,5) moving it to the point B(3,-2,~1):
a) 35;b) 29;c¢c) 31;d) 33.

22. Which of the following equalities is true:

2) [axb) c=(pxa)c:b) (axb)e=exb)a:
o) axb)e=laxe)b:dylaxb)e=(pxc)a.

23. Calculate the volume of the tetrahedron and the length
of its height dropped from the vertex D if its vertices are
A(2,3,2), B(4,1,-2), C(6,3,7), D(-5,-4,-8):

a) V:%, h:%;b) V=308, h=66;

) V=308, h=11;d) V:%, h=11.
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24. The vectors ;:—;'+}', 52—3}'+27€, 22—52—3}'—75
%’reﬁgiven. Find a vector x satisfying the following conditions:
a-x=38,b-x=133, ¢c-x=0.

a) x =-25i+13] +86k ; b) x=-25i+13/ + 65k ;
¢) x=25i—137—86k ; d) x=13i—25; + 86k .

25. Calculate a moment of a force F = (1,-5,6) relative to

the point B(1,3,~4) if it applied to the point A(4,2,1)
a) M, =(19,-13,-14); b) M, =(31,23,-61);
c) M, =(-19,13,14); d) M, =(-31,-23,16).

26. Simplify the expression 31(} X %)+ 5}(1 X %)— 675(1 X })

a) —14;b) 2;¢c) —8;d) 8.
25. The scalar triple product of non-zero vectors is zero:

(a X b)-c = 0. What can we say about the relative position of
the vectors

a) vectors a, b, ¢ are mutually perpendicular;

b) \ax b - ¢ = 0 does not make sense;

c) vectors a, b, ¢ are coplanar;

-

d) vectors a s a, b c are non—coplanar

27. Vectors a b,c,.., r arelinearly dependent if there
are such coefficients 21, 55 .-y A, then

a) Aa+Ab+Ac+.+Ar=0and A7+ +.+1°=0;

b) Aa+Ab+Ac+.+A4r#0 and A2 +4,7 +..+4° =0;

0) Aa+Ab+Ac+. . +Ar#0and A’ +4" +.+4 " #0;

d) Aa+Ab+Agc+..+Ar=0 and 4> +4 +.+1 £0.
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28. Decomposition of a vector a in the basis gl , gz , gs

is given a=-2e +3e,y — es. Write vector components
a) — 2¢1,3e2,—e3;b) 2e1,3e2,e3;
) —2ei1,3er,e3;d) — 2,3, 1.

29. Vectors a = (3,-1), b= (3,-1), c= (3,-1) are given on
the plane. Decompose vector ; =a+b+c into a vectors basis
a and b
2) p=—a+—bsib) p=2a-3b;

2 2
¢) p=2a+5b;d) p=a-2b.
30. What condition must the vectors a,b satisfy so that the

vector s =a+b divided in half the angle between the vectors
a and b

a)E:E;b)ELE;c) L(E,l;)<%;d)‘a‘:‘l;‘.

31. Find the unit vector that is perpendicular to the vectors
E:f+}'+2% andl;:22'+}'+%
1 ¢ 1

a) ——1\i or —|\—

) Al

1 - = 1 (- - =

b) —li-3j+k)or —\-i+3j+k];

)ﬁ( J ) m( J )

~3j+F) P35 F);

>

1 1
C) ﬁ(l ) or ﬁ(_

d)i-3j+k or —i+3j—k.

Y i+3j-F);

71



LIST OF RECOURSES

1. Beicmias MaTeMaTHKa Uil 5KOHOMHUCTOB : y4eOHUK JUIS
By30B  / H. I Kpemep, b. A.Ilyrko, UW. M. Tpummus,
M. H. ®punmas ; [log pen. mpod. H. 1. Kpemepa. — 2-e uzn.,
nepepad. u gon. — M. : KOHUTH, 2001. — 471 c.

2. Beronckuit M. fI.  AHanutmueckas reoMerpust /
M. 4. Beiroackuit. — M. : Hayka, 1963. — 528 c.

3. Berogckuit M. Sl CnpaBoyHMK 1O BBbICHIEH
matematuke / M. 5. Beronckuit. — M. : Hayka, 1973. — 872 c.

4. I'ypan 1. Marematuka i ekoHomicTiB : Ilinpyunux /
I. T'ypan, O. I'yrik. — JIsBiB, 2006. — 382 c.

5. I'ycak A. A. CiipaBouHO€ 1MOCOOME MO PELICHUIO 33/1a4:
Mmaremarnueckuii anamu3z /A, A.T'ycak. — MuHck
TerpaCucremc, 1998. — 228 c.

6. Hauxo II. E. Beicmas maremaTnka B yHNpaKHEHHMSIX U
3amavyax : B uerhlpex yactax / II. E. Jlanko, A.T. Ilomos,
T. 5. KoxeBuukoBa. — M. : Hayka, 1986. — U. 1. — 303 c.,
Y.2-415c.

7. Komocos A. 1. Buma maTemaruka Jjisi €KOHOMICTIB : y
2-X MOIyJSX : KOHCIEKT JeKIi (mis cTyneHTiB 1 Kypcy
neHHo1 (hopMHU HaBUaHHS 3a HampsMamu minrorosku 6.030504
«Exonomika minmpuemctBay 1 6.030509 «OO0mix 1 ayaut»)
[Enextponnmii  pecypc] / A.IL Komocos, A.B. SkyHiH,
IO. B. CurnukoBa. — Xapkis : XHYMI' im. O. M. bekerona,
2014. — Mogym 2. — 237c. — Pexum poctymy :
http://eprints.kname.edu.ua/40510/.

8. Kysuernora I'. A. HaByanbHuil JOBIZHHK B cXeMmax i
TaONMIAX JUISI CAMOCTIHHOTO BHWBYCHHS TEeMHU «AHAIITHIHA
reoMeTpiss» 3 Kypcy BuUmoi MaremMatuku [EnextpoHHU
pecypc] / I'. A. Ky3Hnenoga, C. M. JlamTioroBa,
1O. B. CutaukoBa — XapkiB : XHYMI im. O. M. bekerona,
2013. — Pexxum goctymy : http://eprints.kname.edu.ua/34810.

72



9. JlutoBal. I'. OcHOBBI BEKTOpHOU anreOphl. Y4eOHO-
METOJMYECKOe TMocoOue sl  CaMOCTOSITENBHONH  pPaboThI
cryneutoB / I.T.JIutoBa, [I. 1O. XanykaeBa.— M. : PI'Y
HedTH u raza um. . M. I'yokuna, 2009. — 90 c.

10. IMpuBanoB WM. W. Amnanuruueckas reomerpus /
. N. Tlpusanos. — M. : Hayka, 1966. — 272 c.

11. CutnuxoBa lO. B. Buma maremartnka : KOHCHEKT
JEeKIid 3 JucHuIuiiHg (s cTyaeHtiB 1 Kypcy JeHHOi Ta
3a049HOi (opMm HaBuaHHsA creniatbHOCTI 241 T'oTenbHO-

pecTopaHHa cripaBa) [EnexTponnwMit pecypc] /
1O0. B. CutnukoBa. — XapkiB : XHYMI im. O. M. bekerona,
2017. — 158 c. — Pexum JIOCTYIY :

http://eprints.kname.edu.ua/46339/1/2017.

12. CurnukoBa lO. B. JliHiiiHa Ta BekTopHa airedpa y
cXeMax i TaONMIIX : HAaBYAIBHUN JIOBIMHUK IS CAMOCTIHHOTO
BHUBYCHHS KypCy BHIIOi MATEMaTHKH (ISl CTYZICHTIB 1, 2 KypciB
neHHoi Ta 3aouHoi popm HaBuaHHs) [Enexkrponnmii pecypc] /
IO. B. CutnukoBa, C. M. JlamtioroBa, I'. A. Ky3nernoBa ;
XapkiB. Hail. YH-T MickK. Tocn-Ba iM. O. M. beketoBa. — XapkiB
: XHYMI' im. O. M. BekeroBa, 2018. — 109 c¢. — Pexum
nocrymy : http://eprints.kname.edu.ua/49932/1/2017.

13. CnoBHUK 3 MaTeMaTUKU (3 MEPEKIaJOM pPOCIHCHKOIO,
YKpaTHCHKOIO, AHTJIMCHKOI0, (PPaHIy3pKOI0 Ta apaObChKOIO
MOBaMH JUIsl IHO3€MHUX CTYICHTIB IJITOTOBYOTO BIIIUICHHS)
[EnexTponHmMii pecype] / XapkiB. Hall. YH-T MICBK. TOCI-Ba iM.
O. M. bekerosa: yknaz.: I'. A. Ky3zuenosa, C. M. JlamTiorosa,
10. B. CutHukoBa — XapkiB : XHYMI' im. O. M. bekerona,
2017. — 56c. — Pexum JIOCTYIy :
http://eprints.kname.edu.ua/45146/1/2015.

14. TecroBi 3aBaHHS 3 BUIIOT MAaTEMATUKH | HABYAILHUIA
nocionuk / C. I. 'ypryna, B. M. Moticumus, B. O. Bopo6iioBa
ta iH. ; 3a pea. C.L I'yprymu, B. M. Moiicummnaa. — IBaHO-
@pankiBcbk : Daken, 2008. — 737 c.

73



15. TecroBi 3aBmaHHs Ha Temy «BekropHa anrebpa» 3
Kypcy BHUIIOI MaTreMaTHKH (Ui CTYAEHTIB 1 Kypcy Bcix
CHeIiaTbHOCTEH Axanemii) Vi buctposa JI. O.,
[Taxomoga €. C. — XapkiB : XHAMI', 2008. — 46 c.

16. Paul's Online Notes [Electronic resource] — Pexum
nocrymy : http://tutorial. math.lamar.edu/Classes/Calcll/
Vectors_Basics.aspx.

17. Mathcenter [Electronic resource] — Pexxum poctymy :
http://www.mathcentre.ac.uk/resources/.

18. Stephen Roberts. Vector Algebra and Calculus/

[Electronic resource] — Pexum JOCTYITY :
http://www.robots.ox.ac.uk/.
19. Vector algebra [Electronic resource] — Pexum

nocrymy : http://www.ncert.nic.in/NCERTS/l/lemh204.pdf.

74



ALPHABETICAL INDEX

Addition of vectors 8, 27

Angel between vectors 34

Area
Parallelogram 46
Triangular 48

Axis projection 16

Basis 17, 61

Cartesian coordinate frame 18—19

Chain rule 9

Collinearity condition 15, 28, 47

Coordinate plane 21

Coplanar condition 55

Coplanar vectors 15

Cross product 46

Equal vectors 8

Geometrical interpretation
of a scalar product 31
of a vector product 46
of a scalar triple product 55

Direction angels 28

Direction cosines 29

Left-hand coordinate system 78

Length of vector 7, 20

Linear combination 60

Linear dependence 60

Linear independence 61

Linear operation 8

Links 79

Links reaction 79

Magnitude 7, 20

Moment of a force 47, 80

Multiplication
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by a scalar 10, 28
of the vectors 31, 46
Orthogonality condition 32, 38
Oppositely directed vector 8
Parallelogram rule 9, 10
Physical interpretation
of a scalar product 39
of a vector product 47
Polygon rule 9
Projection
algebraic (arithmetic) 17
geometric 16—17
on the axis 16-17
on the vector 16, 25
Properties
of linear vector operations 11
of a scalar product 32-33
of a scalar triple product 55-56
of'a vector product 48
of vector projections 15
Radius-vector of the point 19
Right-hand coordinate system 78
Scalar product 31, 33
Scalar square 33
Scalar triple product 55
Standard basis vectors 78
Subtraction of vectors 9—10, 27
Triangle rule 8, 10
Unidirectional vector 8
Vector 7
collinear 12
opposite 7
orthogonal 32
unit 8, 78
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zero vector 8
Vector coordinates 16, 19
Vector components 16, 19
Vector decomposition 61
Vector length 7, 20
Vector modulus 7
Vector moment 47, 80
Vectors product 46, 49
Vectors subtraction 9, 27
Vectors sum 8
Volume

of a parallelepiped 55

of a pyramid 58
Work of a force 39
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APPENDIX A

The standard basis vectors (orts)

The unit vectors ;’, } , k are standard basis vectors (in the

other words, orts). They are located at the coordinate axes and
shown the positive direction. They are similar to unit segments
on the coordinate axes in a Cartesian coordinate system
(Figure A.1).

Figure A.1

In the three dimensional space there are three standard
basis vectors,
i=(1,0,0); j=(0,,0); &£ =(0,0,1).

In the two dimensional space there are two standard basis
vectors,

i= (1,0) and j= (0,1).

Note that standard basis vectors are also unit vectors.
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APPENDIX B
Force and reaction

Force is expressed in pressure and in tension. The most
common efforts are those created by gravity of the Earth, for
examples, a book presses on a table; suspended load stretches
the suspension. As it is known in mechanics, there are free and
non-free bodies. Bodies restricting the movement freedom of a
given body are called /inks. And the forces with which links act
on the body are called /link reactions. One of the main
principles of mechanics is the principle of exemption from
links, according to which a non-free body can be considered as
a free body if we discard the links acting on it and replace them
with forces, i.e., link reactions. The direction of the reactions
depends on the direction of the links and the loading scheme.
The reaction of a “weightless” cable (thread, chain, rod, bar) is
always directed along the cable (thread, chain, bar) (figure

B.1).

FF

Figure B.1

a — the beam hangs on two cables; 6 — the action of the cables is
replaced by forces T u T»; ¢ —ideal bar link;
d — perfect thread link
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APPENDIX C

Right-hand and left-hand coordinate system

Let vectors E, Z), ¢ be three nonzero vectors which are
not collinear to the one plane taken in a specified order and
they have the common starting point, and they are not coplanar
vectors.

The system of three vectors E, Z), ¢ is the right-hand
coordinate system (Figure C.1) if the shortest rotation of the
vector a to the vector b is performed counterclockwise for the
observer which is at the end of the vector ¢. If this rotation is

performed clockwise, then such a system of vectors is the left-
hand coordinate system (Figure C.2).

[
[

INY
S

Figure C.1 Figure C.2

Note, that the system of three vectors parallel to one plane
is “neutral”: it is neither right nor left.

If the vectors system E, b , ¢ is left-hand, then the vectors
system b, a, c is right-hand. So, two systems

- -

a,b,cand b, a, c

have an opposite orientation.

80



APPENDIX D
Vector moment of a force

The vector moment of a force with respect to a point is the
vector applied at this point and equaled in magnitude
(Figure D.1) the product of the force on the shoulder of the

force with respect to this point.

The vector moment is a
perpendicular to the plane in which
the force and the point lie, so that
from its end you can see the force
“tendency” to rotate the body
counterclockwise. Then,

Figure D.1 M =O0AxF |

Fl-sin A7 F)

M| = [0 F | =[0A]-[F|-sin (04, F)=
The vector moment of a force relative to a point does not
change when the force glides along the line of action and is

equal to zero if the line passes through the point O.

The moment of a force with
respect to the axis is the
algebraic moment of the
projection of this force onto a
plane is perpendicular to the axis

¥z EB (Figure D.2), relative to the
T ﬁ ; intersection point of the axis with
A —;"""f : this plane.

i Note, that the moment of the
force with respect to the axis is
Figure D.2 zero if the force and axis lie in
the same plane.
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