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Overview 

May be somebody of you known a good deal already about 
Vector Algebra as how to add and subtract vectors, how to take 
scalar and vector products of vectors, and something of how to 
describe geometric and physical entities using vectors. 
However, we need to focus your attention on it again, because 
this topic is important enough for your further vocation 
technical study. 

Vector Algebra studies scalar and vector products; scalar 
and vector triple products; geometric applications, moreover, 
how to find the differentiation of a vector function; scalar and 
vector fields. It is the first step to study what is a gradient, a 
divergence and curl-definitions and its physical interpretations; 
product formulae; curvilinear coordinates. How to use Gauss’ 
and Stokes’ theorems, and evaluation of integrals over lines, 
surfaces and volumes. And also you can continue to study 
more complicated concepts as a derivation of continuity 
equations and Laplace’s equation in Cartesian, cylindrical and 
spherical coordinate systems and other. 

I hope this course will help to revise your knowledge about 
the concept vector and remind acts with them, combining 
vector algebra with calculus, and goes on successfully their 
new application in your special study. 
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THE MAIN CONCEPTS OF VECTOR DEFENITION  

Many physical quantities, such as mass, time, temperature, 
are fully specified by one number or magnitude, because they 
are scalars. But description of other quantities require more 
than one number. They are vectors. You have already met 
vectors in their more pure mathematical sense in your course 
on linear algebra (matrices and vectors), however, often in the 
physical world, these numbers specify a magnitude and a 
direction as a total of two numbers in a 2D planar world, and 
three numbers in 3D. Obviously, examples of such quantities 
are velocity, acceleration, electric field, and force. Below, 
probably all our examples will be of these “magnitude and 
direction” vectors, but we should not forget that many of the 
results extend to the wider realm of vectors. There are three 
slightly different types of vectors:  

•free vectors: in many situations only the magnitude and 
direction of a vector are important, and we can translate them 
at will (with 3 degrees of freedom for a vector in 3-dimensions, 
because there are three linearly independent planes that the 
rotation can take place in).  

•sliding vectors: in mechanics the line of action of a force 
is often important for deriving moments. The force vector can 
slide with 1 degree of freedom.  

•bound or position vectors: when describing lines, curves 
etc. in space, it is obviously important that the origin and head 
of the vector will not be transformed about arbitrarily. The 
origins of position vectors all coincide at an overall origin О .  

As we know, a line, which has positive direction, is named 
axis, if there is a starting point at this axis, it is a coordinate 
axis. 

Let two points A, B be given on the coordinate axis Оx . 
If one of these points, for example, A, is taken as the 
beginning, and the other point, B, as the end of the segment 
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bounded by these points, then this segment is considered as a 
direction segment. 

Definition 1. The vector is a directed line segment and it is 
denoted AB  and drawn as arrow (Figure 1). 

The vector AB  may also be indicated by one Latin letter 
with an arrow on top, for example: a  (Figure 1). If we write 
the vector BA , it means that this vector has start at the point B 
and its end is at the point A. In this case the vector BA  
(Figure 2) is named the opposite vector to the vector AB  and 

BAAB  . 

               
              Figure 1                                            Figure 2 

Since the vector is a directed segment, then besides the 
direction it has, as well as any other segment, the length. The 
length of the vector is understood as such a positive number, 
which determines the length of the same directed line segment 

and is denoted by AB  or a . In other words, the length of a 

vector can be considered as the distance between two points on 
the coordinate axis Ox , which are its ends. There is fair: 

BAAB   (look at the figure 2).  

Definition 2. The opposite vectors are two vectors with 
opposite directions and equal lengths. 

The number expressing the vector length is also called the 
vector magnitude, which is a scalar value (or vector modulus). 

B 
A 

B 

A 

B 
a  A 
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Definition 3. Zero vector is a vector whose beginning and 
end are the same, AA . Denoted by 0  or 0 . The zero vector 
has no direction and his magnitude is zero 00  . So, we can 
say that the zero vector is a point. 

Definition 4. A unit vector (or ort) is named a vector 
whose length is equal to one. 

Definition 5. Collinear vec-
tors are vectors located on one 
straight line or on parallel straight 
lines and denoted by ba //  
(Figure 3).  

Zero vector is considered 
collinear to any vector. 

If collinear vectors have the same direction, then they are 
named unidirectional vectors, otherwise, they are named 
oppositely directed vectors. 

Definition 6. Two vectors are considered equal ( ba  ) if 
they are equally directed and have the same length. 

Note 1. Two vectors are equal only if they can be 
combined without turning. 

 
LINEAR OPERATIONS OVER VECTORS 

Linear operations include adding and subtracting vectors, 
multiplying the vector by a scalar. Let 
us consider only free ones vectors. 

Addition of vectors. We know 
two rules how to add vectors. 

Triangle rule. The sum of vectors 
a  and b  is the third vector c  
( bac  ), the beginning of which 
coincides with the beginning of the 

a  

b


 

Figure 3 

a  

b


 
a b

  
 

Figure 4 
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first vector a , and the end with the end of the second vector b  
(Figure 4). 

Similarly, the sum of any finite number of vectors is 
obtained. 

The sum of several vectors is a vector obtained after 
numerous sequential additions of vectors. That is, such a 
vector, the beginning of which coincides with the beginning of 

the first vector-term, and the end of 
which coincides with the end of the 
last vector-term (Figure 5) 

fdcbam  . 

This rule is called the polygon 
rule or the chain rule. 

Note 2. The sum of the opposite 
vectors is zero-vector: 

  0 aa . 

Rule of parallelogram. If the 
vectors a  and b  are non-collinear 
vectors, then the sum of the vectors 

ba   is determined by the 
following constructs (Figure 6): we 
build parallelogram on these 
vectors. The diagonal of this 
parallelogram, emerging from the 
common origin of vectors, will be 
the sum. 

Note 3. The rule of 
parallelogram is not applicable for 
collinear vectors. 

Subtraction of vectors. As we know the subtraction is an 
opposite act to the addition, so we can consider it as  

a

b


cd


m

f


Figure 5 

Figure 6 

a b


a
 

b  
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 baba  . 

Triangle rule (Figure 7). To get 
the subtraction of the vectors a  and 
b , it is enough to bring the vectors 
to the joint start, and then construct 
a vector whose origin coincides with 
the beginning of the vector b , and 

the end of the vector ba   is the end of the vector a . 
Rule of parallelogram. To get 

the subtraction of the vectors, it is 
enough to join them at the start point 
and construct the parallelogram 
(Figure 8). Diagonal of the obtained 
parallelogram is connecting the end 
point of the vector a  with the end 
point of the vector b  will be the 
vector of their subtraction ba  . 

Note 4. The subtraction 
magnitude may be less than the minuend magnitude, but may 
also be greater or equal. 

Multiplication of a vector 
by a scalar. (NOT the scalar 
product!) To multiply a vector 
a  by a scalar   (which is not 
equal to zero, 0 ), it is 
necessary to construct a new 
vector (Figure 9), the length of 
which is multiplied by  . Its 
direction coincides with the 
direction of the vector a  if 

a

b


 
a b

  

Figure 7 

a
b


 

a b
  

Figure 8 

a

0, a


 

0, a  

Figure 9 
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0 , or has the opposite direction of the vector a , if 0 . 
Properties of linear vector operations: 

1. The addition of vectors is commutative: 

abba  . 

2. The addition of vectors is associative: 

 сbaсba  ;   сbaсba  . 

3. The multiplication by a scalar (properties are similar to 
the basic properties of numbers multiplication): 

   aa   ;    aaa   ; 

  сbaсba   , 0a , if 0  or 0a . 

4. The sum of any vector and the zero vector:  

aaa  00 . 

Note 5. Any vector can be represented as: aaa  0 , 

where 0a  is an ort, having the same direction with the vector 

a . To find the unit vector 0a  in the direction of a , simply 
divide by its magnitude:  

a
aa 0 . 

Example 1. Simplify the expression  

3
57

2
534 accba 




. 

Solution. Let us lead the given expression to a common 
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denominator 










6
101415912

3
57

2
534 accbaaccba

 

6
2992 cba 

. 

Note 6. Actions with vectors are performed similarly to 
actions with real numbers. 

Definition 7. Collinear 
vectors are vectors that lie on 
one line or are located on 
parallel lines. 

Look at the figure 10, there 
are some collinear vectors, for 
example, 

ba // , ca // , cb // , 

but vector d  is non-collinear 
to none. 

Example 2. In the parallelogram ABCD  (Figure 11) are, 
aAB  , bAD  . Express the 

vectors BС , СD , AC , BD , DB , 
СA  through a  and b . 

Solution. Vectors BС  and AD  
are collinear vectors having equal 
lengths (because they are opposite 
sides of the parallelogram that are 
equal) and the same direction. 
According to the definition 6 about 
the vector equality, we get 

a  

b


 

c  

Figure 10 

b


d  

a  

Figure 11 

B  

b  

C  

A  D  
E  
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ADBС   and BCbAD  . Vectors CD  and AB  are 
opposite vectors and they have equal lengths. According to the 
definition 2 about the opposite vectors, we have the following 

aABDCCD  , in this way aCD  . 

Vector AC  is a sum of vectors AB  and BС , but 
ADBС  , so baAC  . Further,  

  babaACСA  . 

According to the definition of two vectors subtraction, we 
get ABADBD   or abBD  , because bAD  , aAB  . 

Similarly, we know that BD  and DВ  are opposite, i.e. 
BDDB  , but abBD  , so we get that  

  baabBDDB  . 

Example 3. Prove that any triangle whose sides are equal 
and parallel to the medians of the given triangle is existed for 
any triangle.   

Solution. Let it be the given triangle ABC  (Figure 12). So,  

0 CABCAB , 

according to the properties of linear 
vectors operations. 

Denote the midpoints of the 
sides BC , CA , AB  by points 1A , 

1B , 1C  respectively. 
Directed segment can be 

presented by the following equality 

BCABBAABAA
2
1

11  . 

Figure 12 

B  

C  

A  

1A  
1C  

1B  
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Similarly, 

CABCBB
2
1

1  , ABCACC
2
1

1  . 

Add all of these equalities and get 

  CABCABCABCABCCBBAA
2
1

111  

  .0
2
3

 CABCAB  

Thus, 0111  CCBBAA  this is what was required to 
prove. 

Example 4. Prove that the medians of any triangle ABC  
(Figure 13) intersect at a point M  such that: 1) the distance 

from this point M  to each 

triangle vertices is equal to 
3
2  of 

the length of the corresponding 
median; 2) this equality 

 OCOBOAOM 
3
1

 is truth 

for any point O  
Solution. Let the point M  cut 

off two-thirds of the segment AB  
from the point A . Then 

  OAODOAADOAAMOAOM
3
2

3
2

 

   OCOBOAOAOCOBOA 





 

3
1

2
1

3
2 . 

Figure 13 

O  

D  
M  C  

B  

A  
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We get the same result for any other median of the triangle 
ABC . It suggests that the point M  is a common point for all 
three medians of the triangle. From the solution of this problem 
it follows that if the point is intersection point of the medians 
of any triangle ABC  and a point O  is an arbitrary point then 
truth equality makes sense  

 OCOBOAOM 
3
1

. 

Definition 8. If the vectors a  and b


 are collinear vectors, 
then there is a scalar   which is named the ratio of vector b


 to 

the collinear vector a  ( 0a ). 
In the other words, the vectors collinearity condition can 

be written in a form: ab  , or 
a
b

 ( ab :


). 

Definition 9. Vectors 
parallel to the same plane, or 
lie on the same plane are 
called coplanar vectors. 

Coplanar vectors are 
presented at the figure 14, 
such vectors are  a  and b


, 

vectors с  and d  are not 
coplanar vectors, they are not 
on the same plane. 

It is always possible to 
find a plane parallel to the 

two random vectors, so any two vectors are always coplanar. 

a

c

Figure 14 

b


 

d
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AXIS PROJECTION 

The expression “vector projection on the axis Ox ” can be 
used in two senses as geometric and algebraic (arithmetic). 

Suppose we have a vector and we need to project this 
vector on the axis. In order to project a vector, we put down the 
perpendiculars from the ends of this vector to the intersection 

with the given axis Ox  
(Figure 15). 

In this case, the vector 
BA   is a geometric projection 

of the vector AB . It can be 
denoted  

BAaрrojABрroj OxOx  . 

The geometric projection 
of the vector on the line Ox  is 
also named a vector 

component on the line Ox  or 
vector coordinate. 

Note 7. Equal vectors have 
equal components. In case of a 
parallel vector transfer, its 
components are also subjected 
to parallel transfer (along the 
axis). It is obvious that the 
components of the same vector 
in two parallel lines are equal. 

If the axis Ox  is presented 
as a vector с  (Figure 16), then the vector A B 


 is also named 

the geometric projection of the vector AB


 on the direction of 
the vector с . It is denoted aрroj

c , ABрroj
c

. 

a  A 

A  

B 

B  x

Figure 15 

0

a

A 

A

B 

B
c  

Figure 16 
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The algebraic projection of the vector AB  on the line Ox  
or vector c  is algebraic value BA   of the vector BA  . In the 
other words, the algebraic projection of the vector is his length 
taken with a plus or minus sign, depending on whether the 
projection is aligned with the direction of the axis on which the 
projection is performed. 

Properties of vector projections 

1. The projection of the sum of vectors on any axis (or 
vector) is equal to the sum of the projections of these vectors 
on the axis (or vector).  

For example (Figure 17a),  

  CBprojACprojCBACproj lll  . 

 

2. The algebraic projection of a vector on any axis is the 
product of the length of the vector on the cosine of the angle 
between the vector and the axis (Figure 17b): 

cosaaprojl  .

a  
A 

A  

B 

B  l 

С 

C

Figure 17a Figure 17b 

a

l 
  
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VECTOR ELEMENTS OR COMPONENTS  
IN A COORDINATE FRAME 

As you know, the coordinate method is a way of 
determining the position of a point or body using numbers or 
other characters. Depending on the goals and nature of the 
study, various coordinate frames are chosen. We will use this 
method to represent the vector as a set of some values. If three 
pairwise perpendicular lines are drawn through a certain point 
in space, a direction is selected on each of them (indicated by 
an arrow) and a unit of measurement for segments is selected, 
then they say that a rectangular coordinate frame is specified in 
space. It is the 3-dimensional Cartesian coordinate frame 

),,( zyxO . 
Draw a vector from the origin point O  to an arbitrary point 

),,( zyxM  and project the vector aOM   onto coordinate 
planes (Figure 18). The vector OM  like any other vector can 
be decomposed into three terms that lie on the coordinate axes, 
so 

 

a  

х 

y M1 

 M3 
 

 M2 

M(x,y,z) 

O 

z 

Figure 18 

i  
j  

k
 

 M4 
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1 2 3OM OM OM OM  
   

. 

Remind you. The Cartesian coordinate frame in space is 
called the collection of a point and a basis. The point is usually 
denoted by the letter O  and is called the origin. The straight 
lines passing through the origin in the direction of the basis 
vectors are called axes of coordinates. Planes that pass through 
coordinate axes are called coordinate planes. A Cartesian 
coordinate frame is called rectangular if all its coordinate axes 
are perpendicular in pairs. 

As we know the vector OM  projections 1OM , 2OM , 

3OM  onto coordinate axes are OMprojОx , OMprojОy , 

OMprojОy  accordingly, we also know the points coordinates 
 0,0,1 xM ,  0,,02 yM ,  zM ,0,03 , so we have  

xOMprojOM Оx 1 , yOMprojOM Оy 2 , 

 zOMprojOM Оy 3 . 

If we put unit vectors i , j , k  (Appendix A) on each of 
the coordinate axes, then the vector can be written as 

kzjyixOM  , 

where zyx ,,  are coordinates of the vector a  (write it like this 

 zyxa ,,  and vectors ix , jy , kz  are called vector elements 
or vector components. Vector OM  (Figure 18), going from 
origin point O  to the given point M  is called a radius-vector 
of the point M . 
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If we have two different 
points 1M  and 2M  with 
their radius-vectors 

11 rОM  , 22 rОM   
(Figure 19) respectively then 
vector  zyxMM ,,21   can 
be expressed by the formula 

1221 rrMM  , 

it can be rewritten for its 
coordinates as 

12 xxx  , 12 yyy  , 12 zzz  , 

that is the vector coordinates are equal to subtraction of the 
corresponding coordinates its ending and starting point. 

The length of the vector (vector magnitude) is calculated 
by the formula 

     212
2

12
2

1221 zzyyxxMM  . 

A magnitude of the vector  zyxa ,,  (or vector length) 
can be found 

222 zyxa  . 

Example 5. Points )3,1,5(1 M , )1,3,2(2 M  are given. 
Find the coordinates and magnitude of the vector .21MM  

Solution. Coordinates of the desired vector 21MM  can be 
found as a subtraction of the corresponded coordinates of the 
last point and start point, like this 

   4,4,3)3(1,13),5(221 MM . 

1r  

х 

y 

M1(x1,y1,z1) 

0 

z 

Figure 19 

2r  

M2(x2,y2,z2) 
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A vector magnitude we find using the formula above 

222 zyxa  ,   41443 222
21 MM . 

Note 8. The collinear vectors have proportional 
coordinates, and vice versa, if the coordinates of two vectors 
are proportional, then these vectors are parallel (look at 
definition 8). 

Example 6. Vectors  6,4,2 a ,  3,2,1 b , 
 0,0,6c ,  3,1,0d  are given. Which of these vectors are 

collinear vectors, is parallel to the axis, is parallel to the 
coordinate plane? 

Solution. Since the coordinates of the vectors a  and b  are 
proportional then they are collinear vectors (according to 

ab 


), they have a proportionality coefficient which is equal 

to 
2
1  , i.e. 

6
3

4
2

2
1







 , ab 

2
1

 . 

Comparing the coordinates of the vector c  with the unit 
vectors i , j , k , we conclude that vector c  parallel to the x -
axis (vector c  is parallel to the vector i  located on the x -axis). 

Since the vector d  has a zero x -coordinate ( 0x ), i.e. its 
projection on the x -axis is zero, then vector d  is perpendicular 
to x -axis and parallel to the coordinate plane yz0 . 

Note 9. If one of the vector coordinates is zero, then this 
vector is perpendicular to the corresponding coordinate axis. 
For example, the vector  0,1,2a  is perpendicular to the z -
axis, because his applicant is zero ( 0z ). 
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Note 10. If a vector has only one nonzero coordinate then 
this vector is parallel to the corresponding coordinate axis. For 
example, the vector  0,5,0 a  is parallel to the y -axis. 

Example 7. Points M  and N  are taken on the 
parallelogram side AD  and its diagonal AC , that so 

ADAM
5
1

 , ACAN
5
1

 . Prove that the points M , N , B  

lie on one line. In what ration does a point N  divide a segment 
MB  (figure 20)? 

Solution. For proof that the 
points lie on one line we need to 
prove that vectors MN  and  
MB  are collinear vectors.  

We know from the tasks 
statements that  

ADAM
5
1

 , ACAN
5
1

 . 

Then 

 ADACAMANMN
5
1

6
1  

   ADDCADDCAD  5
30
1

5
1

5
1 . 

On the other hand, 

 ADABADABAMABMB  5
5
1

5
1 . 

Since CDAB  , then it follows from the obtained equality: 
MNMB 6 . It means that the points M , N , B  lie on one 

line, and point N  divide a segment MB  as 1:5 . 

Figure 20 

B  C  

A  D  M

N  
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Consider some properties of vectors that are often used in 
solving geometric tasks.  

Let the point C  is belonging to the vector .AB  Obviously, 

it divides this vector in some ratio 
n
m , i.e., 

n
m

CB

AC
 , that is 

possible in case when CB
n
mAC   (Figure 21). 

If the points A , B , C  are 
given by their radius-vectors OA , 
OB , OC  relative to some 
coordinate system. Then from the 

equality CB
n
mAC   we have that  

 OCOB
n
mОAOC  , 

from this we can find 

OB
nm

mОA
nm

nOC





 . 

The written above formula expresses the radius-vector of 
the point C  which divides vector AB  in ratio nm :  using the 
radius- vectors of the points A  and B . 

In particular, if the point C  is a midpoint of a vector AB , 

then  OBОAOC 
2
1 . If the coordinate system 0 , i , j , k  is 

given, and the coordinates of these points are set  111 ,, zyxA , 
 222 ,, zyxB  then the coordinates of point C  which divides 

vector AB  in ratio nm : , can be expressed by following 
formulas: 

Figure 21 

B  

C  

A  
О  

m

n  
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21 x
nm

mx
nm

nxC 



 , 21 y

nm
my

nm
nyC 




 , 

21 z
nm

mz
nm

nzC 



 . 

In the case when the point C  divides the vector AB  by 
half, we obtain the following formulas for calculating the 
coordinates of this point 

2
21 xxxC


 , 

2
21 yyyC


 , 

2
21 zzzC


 . 

Note 11. If three points lie on one straight line and are 
defined with respect to a certain point by their radius-vectors, 
then the formula is 

 OBkОAkOC  1 , 

where 
nm

nk


 , 
nm

mk


1 . 

However, the converse is also true: the implementation of 
the above formula guarantees that three points belong to the 
same straight line. This also follows from the definition of 
collinearity of vectors. 

On the other words, three points  111 ,, zyxA ,  222 ,, zyxB , 
 333 ,, zyxС  belong to the one straight line in a space if and 

only if there is such a number k  and it is such that 

)( 1213 xxkxx  , )( 1213 yykyy  , )( 1213 zzkzz  . 

In the particular case, when the points  11, yxA ,  22 , yxB , 
 33, yxС  are given on the plane (i.e. in a coordinate system 0 , 

i , j ), then the previous condition will look like this 

)( 1213 xxkxx  , )( 1213 yykyy  . 
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Since the points  11, yxA  and  22 , yxB  do not coincide, 
either 21 xx   or 21 yy  . Let’s suppose that 21 xx  , then find 
k : 

12

13

xx
xxk




  and )( 12
12

13
13 yy

xx
xxyy 




 . 

Consequently, 

       12131213 yyxxxxyy  . 

We get this result when we suppose that 21 yy  . Thus, 
this is the condition under which three points  11, yxA , 
 22 , yxB ,  33, yxС  lie on one straight line. Obviously, if 

21 xx   and 21 yy   that condition is equivalent to the 
following condition 

12

13

12

13

yy
yy

xx
xx






 . 

Example 8. Determine the coordinates of the vector end-
point B  if the coordinates of the beginning point )5,1,2(A  
and midpoint )1,6,3(C  of this vector are known. 

Solution. Use these formulas  

2
21 xxxC


 , 

2
21 yyyC


 , 

2
21 zzzC


 , 

where 3Cx , 6Cy , 1Cz , 21 x , 11 y , 51 z . 
Express unknown coordinates of a point ),,( 222 zyxB  and get 
the following formulas: 

2
21 xxxC


 , 212 xxxC  , 12 2 xxx C  ; 
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2
21 yyyC


 , 212 yyyC  , 12 2 yyy C  ; 

2
21 zzzC


 , 212 zzzC  , 12 2 zzz C  . 

Substitute the given values of the coordinates of the points 
and calculate: 8262 12  xxx C . Similarly, 

111122 12  yyy C , 3522 z . So, coordinates of 
the end-point B  is )3,11,8(  . 

Example 9. The straight line MN  is given by the 
coordinates of the points )1,0,5(M  and )2,1,4( N . At what 
values x  and y  will belong the point )4,,( yxK  to the line 
MN ? 

Solution. Use formulas of calculation of the coordinates of 
the point belonging to the line (note 11), namely, 

)( 1213 xxkxx  , )( 1213 yykyy  , )( 1213 zzkzz  . 

In our case we have 

)54(5  kx , )01(0  ky , )12(14  k , 

and get 

1k , 6x , 1y . 

So, the point K  will belong to the straight line 
MN , MNK  , if 6x , 1y . 
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ACTIONS ON VECTORS GIVEN BY THEIR 
COORDINATES 

Consider linear operations with vectors for the case when 
the vectors are given in coordinate form. 

Definition 10. The coordinates of the vectors sum are 
equal to the sums of the corresponding coordinates of the 
vectors terms. 

For example, vectors  111 ,, zyxa   and  222 ,, zyxb   are 
given, and we need to find the vector of their sum 

 212121 ,, zzyyxxba  . 

Definition 11. The coordinates of the vectors subtraction 
are equal to the subtractions of the corresponding coordinates 
of the vectors terms. 

For example, vectors  111 ,, zyxa   and  222 ,, zyxb   are 
given, and we need to find the vector of their subtraction. It 
will be 

 212121 ,, zzyyxxba  . 

Example 10. Find the coordinates of the vector a , if 
dca 32  , and  4,2,1 c ,  8,0,5d . 

Solution. Vector a  is a sum of vectors c2  and d3 . Find 
them using definition 10 and 12. 

   8,4,24,2,122 c ;    24,0,1583,0,533 d ; 

     16,4,1324,0,158,4,232  dca . 

Example 11. Find the magnitude of the vector q , if 
CDABq 3 ,  4,2,1 A ,  2,0,1 B ,  1,1,5 C ,  6,2,0 D . 
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Solution. Vector q  is a subtraction of vectors AB  and 
CD3 . Find them (look at examples 2 and 3) 

   2,2,042,20,11 AB ;  
   5,1,516,12,50 CD , 

   15,3,1535,31,353 CD ; 

     13,5,1515,3,152,2,03  CDABq ; 

  4191692522513515 222 q . 

Definition 12. The coordinates of the vector a  
multiplication by the scalar   are equal to the multiplication of 
the coordinates of the vector a  by this scalar  . 

For example, vector  111 ,, zyxa   is given, and we need to 
find the vector ab  . Accordingly to the mention above 
definition, we have to multiply each coordinate of the vector a  
by this scalar  , so 

 111 ,, zyxab   . 

Note 12. Moreover, these found vectors a  and b  will be 
collinear (based on the collinearity condition above). 

Example 12. Check, are vectors 1c  and 2c  built on 
vectors  2,2,1 a  and  1,0,3 b  collinear, if bac 421  , 

abc  32 . 
Solution. Define the coordinates of the vectors 1c  and 2c , 

which are linear combinations of vectors a  and b : 

   4,4,22,2,122 a ,    4,0,121,0,344 b , 
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   0,4,1444,04,122421  bac ; 

   3,0,91,0,333 b ,  2,2,1 a , 

    5,2,823,20,1932  abc . 

Use the collinearity condition and note 12, we have to get 
the correct equalities  


2

1

c
c  or 

2

1

2

1

2

1

c

c

c

c

c

c

z

z

y

y

x

x
. 

Compare the obtained coordinates of vectors 1c  and 2c , 
and get 








5

0
2
4

8
14 , 

from here we can make conclusion that the vectors 1c  and 2c  
are not collinear. 

Let’s go on to consider the 
angles formed by a vector with 
coordinate axes. Look at the 
figure 22. We can see three 
angels which were formed by 
the vector a  with the x -axis 
(angel  ), y -axis (angel  ), 
and z -axis (angel  ). Angels 
 ,   and   are called 
direction angels and the cosines 
of these angels are called 

direction cosines for which the following equality is correct:  

1coscoscos 222   . 

х 

y 
  

z 

Figure 22 

a  

  
  
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If the vector a  is given with its coordinates  zyxa ,, , 
the formulas for the search of the direction cosines are, 

a
x

cos , 
a
y

cos , 
a
z

cos ;where 222 zyxa  . 

Note 13. Coordinates of the vector  zyxa ,,  expressed 
in terms of the direction cosines are:  

cosaх  , cosay  , cosaz  ; 

coordinates of the unit vector e  equal to the direction cosines 

  cos,cos,cose . 

Example 13. Vector a  forms with the y -axis and z -axis 
angles equaled to 060 . Find the angle between the vector a  
and the x -axis. 

Solution. As we know 060  , then 

2
160coscoscos 0   . Use the equality for direction 

angles: 1coscoscos 222   . Find the direction cosines 
for angel   and angel  : 

1
2
1

2
1cos

22
2 













  or 

2
1cos2  , 

from here 

2
1cos  , 

2
1cos 1  , 

2
1cos 2  . 

Therefore, we have two answers: 0
1 45 , 0

2 135 .  
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SCALAR PRODUCT OF VECTORS 

Definition 13. The scalar product of two vectors is a scalar 
equals to the product of magnitudes of these vectors and the 
cosine of the angle between them (Figure 23). 

It is denoted ba   or  ba,  and 
calculated by the formula: 

cos baba , 

where   is angel between two vectors 
a  and b . 

Note 13. The sign of a scalar 
product depends on the angle formed by the vectors a  and b . 
If the angle   is an obtuse angle (in this case, 00 18090   
and 0cos  ) then the scalar product has a negative sign, 
otherwise, if the angle   is an acute angle ( 00 900  , 

0cos  ) then the scalar product has a positive sign. 
Geometrical interpretation of a scalar product 

Analyzing the graphical representation of cases when the 
angle between the vectors is acute (Figure 24a) and obtuse 
(Figure 24b), we can describe the scalar product as the product 

 

a  

  

b


 

Figure 24a 

b


 

a  

Figure 24b 

  

cosa  cosa  

a  

  

b


 

Figure 23 
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of the magnitude of one vector and the component of the other 
in the direction of the first one, since cosa  is the component 

of a  in the direction of b  and also cosb  is the component 

of b  in the direction of a . So, the scalar product can be 
rewritten in the projection form 

bprojaaprojbba
ab

 . 

Consider the case when the angle between the vectors is 
right angle, i.e. 090 , then 090coscos 0  , and the 
scalar product equals zero. So, we came to the following 
conclusion that if vectors are perpendicular then their scalar 
product is zero, and vice versa, 

090 , ba    0ba . 
It is called the orthogonality (perpendicularity) condition. 

Properties of a scalar product 
1. The scalar product is commutative: it does not change 

after transposition places of terms, 

abba  . 
2. The scalar product is distributive over vector addition,  

  сabaсba  . 
3. The scalar product of two vectors multiple by a scalar, 

     bababa   . 
Note 15. The aforementioned properties make it possible to 

apply the same transformations, which were applied in algebra 
to ordinary pair products of factors of the first degree, to the 
scalar product. 

Example 14. Simplify the expression   dcba 532  . 
Solution. Open the parentheses, performing multiplication 
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    dbdacbcadcba 535232532  

dbdacbca 151032  . 

Example 15. Factor the expression caba 96  . 
Solution. As we see both terms of the expression have a 

common factor a3 , put it outside the parentheses 

 cbacaba 32396  . 

4. If vectors a  and b  are collinear vectors then their 
scalar product equals product its magnitudes taken with a plus 
or minus sign, depending on whether they are directed in the 
same direction or opposite one: 

baba  . 

Really, if vectors a  and b  have the same direction, i.e. 
00  and 1cos  , then baba  ; if vectors a  and b  

have the opposite direction i.e. 0180  and 1cos  , then 

baba  . 

5. The scalar square of a vector is equal to the square of its 
magnitudes: 

22
aaaaaa  . 

Note 16. According to the property 5, the scalar square 
2

a  
of the vector a  is a positive number (or zero). So, we can find 
roots of any power from this number. In particular, we can 
calculate the square root,  

aa 
2

, 

that is to say, the arithmetic square root of the scalar product is 
the vector magnitude. 
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Note 17. There is no scalar cube in vector algebra, since 
the scalar product cannot be applied to three factors. 

Note 18. The scalar product of unit vectors: 

1
22
 iiii , 1

2
j , 1

2
k ; 

0 ji  ij  , 0 ki  ik  , 0 kj  kj  . 
Let’s consider how to find the scalar product of two 

vectors when these vectors are given in Cartesian form, for 
instance,  111 ,, zyxa   and  222 ,, zyxb  . The scalar product 
is expressed by formula 

212121 zzyyxxba  . 

Find the angel between vectors a  and b . Since the scalar 
product can be calculated by using formula from the definition 
13,  

cos baba , 

express the cosine of angel   

ba
ba



cos , 

i.e. the cosine of angel between two vectors equals ratio of the 
scalar product of these vectors to the product of their 
magnitudes. 

If vectors are given in Cartesian form, we can use this 
formula 

2
2

2
2

2
2

2
1

2
1

2
1

212121cos
zyxzyx

zzyyxx



 . 

Example 16. Prove that the vectors  
2

b

abbap   and b  

are orthogonal. 
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Solution. As we know, vectors are orthogonal if their 
scalar product is equal to zero. Check this, multiply the vectors  

      02

2

22 









 abab

b

abbab
b

abbbab
b

abbabpb . 

Since 0pb  then b  and p  are orthogonal vectors 
( pb  ). 

Example 17. Find the projection of the vector AB  on the 
direction of the vector CD  if points  3,1,2A ,  7,1,2 B , 
 5,2,1 C ,  3,5,0D  are given. 

Solution. Use the geometrical interpretation of a scalar 
product, namely, 

bprojaaprojbba
ab

 , 

for our task it looks like 

CD
CDABABproj

CD


 . 

Find coordinates of vectors AB  and CD  (look at the 
example 2), their scalar product and magnitude of the vector 
CD : 

   4,2,437,11,22 AB ;  8,3,1CD ; 

    223264843214 CDAB ; 

  746491831 222 CD . 

Find the projection of the vector AB on the direction of the 
vector CD : 
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74
22

ABproj
СD

. 

Note that the obtained value of projection has a positive 
sign, it means that the projection has the same direction with 
the vector on which it is projected, and also, analyzing the 
scalar product sign, you can say that the angel between the 
given vectors AB  and CD  is an acute angel. 

Example 18. Find the angel between vectors nma 42   
and nmb  , where 1 nm , and angel   0120,  nm . 

Solution. Calculate the angel between two vectors 

(remember that 1
22
 nm ) by the formula 

ba
ba



cos ,   

22
42 nmaa  

nmnmnnmm 16201616416164
22

 ;  

  nmnnmmnmbb 222
2222

 ; 

    22424242
22

 nmnnmmnmnmnmba ; 

2
1120cos 0  nmnm ; 322  nmb ; 

32128201620  nma ; 322  nmba . 

Finally, we get the answer: 
2
1

332
3cos 



 , then 

3
2

32
1arccos

2
1arccos 

 





  or 0120 . 

Example 19. Prove that the sum of the parallelogram 
diagonals squares is equal to the sum of its sides squares. 
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Solution. Let vectors a , b , 1d  and 2d  be parallelogram 
sides and diagonals respectively, and bad 1 , and 

bad 2 . Draw vectors ОАa  , OBb   from the point O  
(Figure 25). Then, obviously, baOCd 1  and 

baBAd 2 . We have the 
following for scalar squares of 
diagonals 1d  and 2d : 

  2222

1 2 bbaabad  ; 

  2222

2 2 bbaabad  . 

Add these equalities and get: 






 

222

2

2

1 2 badd . 

Whereas, 
2

1

2

1 dd  , 
2

2

2

2 dd  , 
22

aa  , 
22

bb  , 

so 
222

1

2

1 badd  , 

as required to prove. 

Example 20. Prove that the heights in an arbitrary triangle 
intersect at one point. 

Solution. Let ABC  be an arbitrary triangle, it has the 
heights AD  and BE , and BCAD  , ACBE  , and also a 
point О  is the intersection point of the triangle heights 
(Figure 26). 

Figure 25 

B  

a

C  A  

О  b
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Introduce some denotation: 
aOA  , bOB  , cOС  , and 

F  is the intersection point of AB  
and CO . 

According to the definition 
of the vectors subtraction we get 

abAB  , bcBC  , 
caCA  . 

In that BCAD   according to 
the orthogonality condition we have   0 bca  this implies: 

baca  . Similarly, ACOB  , so  

   0cab bacb  . 

Comparing the obtained equalities for scalar products of 
vectors, we get 

 bcca   0 bac . 

Since cOС  , abAB   then taking into account the 
previous equality we get that ABOС   thus CF  is a height of 

this triangle. Hence, the 
heights in an arbitrary 
triangle intersect at one 
point. 

Example 21. Find 
value of the angles 
between the cube 
diagonal and its side 
faces diagonals (Figure 
27). 

Figure 26 

F  

C  

О  

D  

A  E  

B  

В

A  
D  

1C  

1A  1D  

C

1B  

Figure 27 
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Solution. Let 1DB  be a cube diagonal and 1AB , 1BA  are its 
side faces diagonals (Figure 27). Set up the coordinate system 
A , i , j , k  so that iaAD  , jaAB  , kaAA 1  where a  is 
a cube edge length. 

Express vectors 1AB , 1BA  and 1DB  through vectors i , j , 
k : 

kajaikajaAAABAB  011 ; 

kajaikajaAAABBA  011 ; 

kaiajaAAADABAADBDB  111 . 

Thus, the vectors 1AB , 1BA  and 1DB  in defined by us 
coordinate system has such coordinates 

 aaAB ,,01  ;  aaBA ,,01  ;  aaaDB ,,1  . 

Use the formula to calculate the cosine of the angle 
between the vectors and get 

ba
ba



cos ,   






11

11
11,cos

DBAB
DBABDBAB  

  3
6

6
2

32
2

0

0
2

2

22

2

22222

22










a
a

aa
a

aaaaa

aa ; 

knowing the cosine value, we can find the angle value using 
the corresponding tables. Similarly, we find the angle value 
between the vectors  

   
   

00,cos
22222

2

11

11
11 











aaaaa

aaa
DBBA
DBBADBBA , 
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from here we can conclude that 

    0
1111 90,0,cos  DBBADBBA . 

Physical interpretation of a scalar product 

Consider the vector ABa   
which is drawing rectilinear 
displacement of a material point and 
the vector AFF   is a vector of a 
force (Figure 28) acting at this point, 
then the scalar product aF   is equal 
numerically to work A  of a force 
F . However, during calculating a 
work A , only force component on 

the vector a  and also the magnitude a  are taken into account, 

i.e. Fproj
a

, so FprojaA
a

  or FaA  . 

Example 22. A material point weighing g20  has shifted 
due to the gravity along a plane inclined at the horizon at an 
angle 045  and located at a distance m04,0 . 

Solution. A weight force ( kgg 02,020  ) is drawing by the 
vector AF  (Figure 28) with a length m02,0 . The displacement 
of the point is represented by the vector AB  with a length 

04,0 . The angel between vectors AF  and AB  is 045 : 

02,0 AFF ; 04,0 ABa ;   045,  Fa . 

Calculate the scalar product Fa  : 

20004,0
2
20008,045cos04,002,0 0 Fa , 

F  

  

a  

Figure 28 

B 

A 

F 
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thus, a force work is 20004,0 A ( mkg / ). 
Example 23. Determine the force 

in the bars AB  and BC  if the load 
HP 3  is suspended so on these bars 

as shown in the figure 29. 
Solution. The load P  create a force 

F  which, as we know from mechanics, 
balances the reaction of the bars AB  
and BC , and besides, the reaction of 
the bar AB  is directed along this bar 
from the point B  to the point А , and 
the reaction of the bar BC  is directed 
along this bar from the point С  to the 

point B  (Appendix B). Denote the reaction of the bars AB  and 
BC , respectively, as  1T  and 2T . 

Then from the task we get 

21 TTF  . 

Construct a parallelogram EBPF .  Since EFF  , 
BET 1 , FBT 2 . Then, considering equality 21 TTF  , we 

get: 

FBBEEF  . 

From the task we know that 3EF , 030EFB , 
060BEF , and consequently 090FBE . Thus, from a 

right triangle we have the followings: 

5,1
2
3

2
1330sin 0  EFEB ; 

35,1
2

33
2
3330cos 0  EFFB ; 

P  

060  

F  

Figure 29 

E 

030  

B 

A 

C 
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from here we get that HT 5,11  , HT 35,12  .  Thereby, the 

force in the bar AB  equals H5,1 , and the force in the bar BC  
equals H35,1  . 

Example 24. Force jiF 8  is spread out in two 
directions, one of them is given jiF 221  . Find the second 
component of the force F . 

Solution. The unknown component of force F  is denoted 
by ),(2 yxF  . Since 21 FFF   then we have 

jyixjiFFF  2221 , jyixjiji  228  

or 

   228  yjxiji ,     08212  yjxi . 

Since the vectors i  and j are not equal to zero at the same 
time, equality could be equal zero only if the coefficients 
before  i  and j  are simultaneous equal to zero, i.e. 

012 x  and 082 y , 

solving these equations together we get the answer: 1x , 
10y . In this way, the second component of the force F  is 

jiF 102  . 
Example 25. Find a vector d  is collinear to vector 
 3,2,1 a  and satisfies the condition 28da . 
Solution. Let vector d  has coordinates ),,( zyx , so d  is 

collinear to vector a  and ad   according to the definition of 
collinear vectors. Then 

a
xx  , 

a
yy  , 

a
zz  , i.e. x , 

2y , 3z . Also we know that the scalar product of 
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vectors d  and a  equals 28  which can be calculated by the 
following formula 

212121 zzyyxxda  . 

In our tasks it looks like 

)3(3221   da , 28da , 2894   , 

2814  , 14:28 , 2 . 

So we found out the proportionality coefficient   and now 
we can find the coordinates of the sought vector d  directly, 
that is  

2x , 4y , 6z ;  6,4,2 d . 

Example 26. Find a vector p  knowing that it is 
perpendicular to the vectors  1,3,2 a ,  3,2,1b  and 
satisfies the condition   1672  kjip . 

Solution. Denote the coordinates of unknown vector p  as 
),,( zyx . By the task, this vector p  is perpendicular to the two 

vectors a  and b , and, therefore, the scalar products of these 
vectors are equal to zero, i.e. 0 pa , 0 pb , According to 
the formula for calculating the scalar product in the coordinate 
form, we get: 

0 pa , 032  zyx ; 

0 pb , 032  zyx . 

Also, we know about third scalar product, namely, it is  
  1672  kjip  or 1672  zyx . 

Taking into account all three conditions, we compose a 
system of equations and solve it using the Cramer method. 
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











.1672
,032

,032

zyx
zyx

zyx
 

28122122928
721

321
132







 , 

    11229161
7216

320
130

13
1 





  , 

4
28
1121 







x ; 

  112)16(161
7161

301
102

23
2 


  , 

4
28
1122 







y ; 

    11234161
1621
021
032

33
3 


  , 

4
28
1122 







z . 

Check the obtained results, substituting the found values of 
variables 4x , 4y , 4z  into the each equation of the 
system 
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   
   
   












;1647424
,043424
,044342

 












;162884
,01284
,04128

 












.1616
,00
,00

 

So, the vector p  satisfying the given task conditions has 
the coordinates 4x , 4y , 4z . 

Example 27. Prove that a quadrilateral with vertices at 
points )4,3,5(A , )5,7,1( B , )3,5,6( C , )4,5,2( D  is a 
square. 

Solution. Define the coordinates of the vectors: 
 1,10,4)45,37,51( AB ; 
 8,2,7)53,75,16( BC ; 

 1,10.4)34,55,62( DC ; 

 8,2,7)44,35,52( AD . 
Comparing the vectors coordinates, we get 

DCAB  , ADBC  . 

Since 

  1171104 222 AB , 117837 222 BC , 

then 

DCBCADAB  . 

Consider the scalar product 

    BCABBCAB  08121074 . 

Therefore a quadrangle ABCD  is a square. 
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VECTOR OR CROSS PRODUCT 

Definition 17. The vector product (or cross product) of 
vectors a  and the non-collinear to it vector b  is the third 
vector с  which is satisfied to the following conditions: 

1) vector с  (Figure 30) is 
perpendicular to two vectors 
a  and b ; 

2) the magnitude of the 
vector с  is equal to the 
product of magnitudes of the 
vectors a  and b  and the 
cosine of the angel between 
them, i.e. 

sin baс ; 

3) coordinates systems of vectors a , b , с  and i , j , k  
have the same orientation (Appendix С) and turning from the 
first vector to the second one have to be a moving in the 
direction of counter clock-wise. 

The vector product is denoted  ba,  or baс  . 
Note 19. The result of vector product is a vector. 

Geometrical interpretation of a vector product 

According to the vector product definition, the magnitude 
of the vector с  ( baс  ) equals area S  of the parallelogram 

ОACB  (Figure 30) built on these vectors a  and b . 
Example 28. Calculate the area of the parallelogram built 

on the given vectors a  and b , if their magnitudes are 8,0  and 
5,0  respectively, and the angel between them is 030 . 

a  

  
b


 

c  

Figure 30 

C 

B 

A 
O 
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Solution. From geometric interpretation of vector product 
we know that the parallelogram area equals the magnitude of 
the vector product, baS   or сS  , also sin baс , 

so we can find the area 
2,030sin5,08,0sin 0  baсS  (units of area). 

Note 20. Geometrically, the vector product is useful as a 
method for constructing a vector perpendicular to a plane if 
you have two vectors in this plane. 

Note 21. If vectors a  and b  are collinear then the 
parallelogram ОACB  has a zero area. In accordance with it, the 
vector product of two collinear vectors is zero vector, 0 . And 
we have a collinearity condition as 

0//  baba . 

Physical interpretation of vector product 

Let we have a system of material points ,A  ,C  B  
(Figure 31) which are bonded to each other and the point О . 
Let a force 1F  be applied at the point A , a force 2F  be applied 

at the point B , a force 3F  be 
applied at the point C . The 
physical value a moment 1M  
of the force 1F  (Appendix D) 
applied at the point A  
relatively to the point О  is 
drawing by the vector 
product 1FOA . Similarly, 
moments 2M , 3M  of the 

forces 2F and 3F  can be written as 2FOB , 3FOC  . 
If a sum of these vectors 

Figure 31 

C 

B 

O 

A 
2F

 

3F  

1F  
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321 FOCFOBFOAS   

is a zero vector, then a system is static equilibrium; if the 
vector S  is not zero vector, the system is in the rotational 
motion. 

Properties of the vector product 
1. The vector product is not commutative, it means the 

order in which we do the calculation does matter and changing 
items order in the vector product leads to the changing of its 
sign 

abba  . 
2. The vector product is distributive over addition: 

  сabaсba   or   сbсaсba  . 
3. Associative property with respect to a scalar factor: 

   baba    
4. The vector product of the vector on itself (or two equal 

vectors) is zero vector: 

0 aa . 

Example 29. Simplify the expression    baba 532  . 
Solution. Open the parentheses, considering the given 

above properties of the vector product, and get 

     bbbaabaababa 535232532  

babababaab  1310305230 . 
5. The vector product of the unit vectors (Appendix A): 

0 ii , 0 jj , 0 kk ; 

kji   ( ik  , jk  ),  ikj   ( ij  , ik  ),  

jki   ( ij  , jk  ). 
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Example 30. Calculate the triangular area on the vectors 
bap 2 , baq 22  , if 3 ba , and angel   060,  ba . 

Solution. In accordance with geometrical interpretation of 
the vector product, the parallelogram area can be found as a 
magnitude of the vector product, thus triangular area can be 
computed as half parallelogram area, namely, 

qpS  2
1 . 

Find the vector product magnitude of the vectors p  and 
q : 

     bbbaabaababaqp 4242222  

babababaab  62424 ; baqp  6 , 

  327
2
35460sin336,sin66 0  bababa . 

So, the desired triangular area is 327  (units of area). 

Vector product in Cartesian form 
If we need to find the vector product of the vectors given 

in a coordinate form, like this  111 ,, zyxa   and 
 222 ,, zyxb  , we can use the determinant with these vectors 

coordinates and the first row is the standard basis vectors (unit 
vectors) and must appear in the order given here. It looks like 
this 

222

111

zyx
zyx
kji

ba  , 
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or, coordinates of vector с , which is the vector product, 










22

11

22

11

22

11 ,,
yx
yx

xz
xz

zy
zy

сba . 

Also, the determinant can be calculated using the method of 
cofactors, as the formula is below: 

22

11

22

11

22

11

yx
yx

k
zx
zx

j
zy
zy

iba  . 

Example 31. Three forces  6,4,21 F ,  3,2,12 F , 
 7,1,13 F  applied to the point  8,4,3 A . Determine the 

magnitude and direction cosines of the resultant force moment 
of these forces relative to the point  6,2,4 В . 

Solution. If F  is a force applied at the point A  and vector 
BAa  , then a vector Fa  is a moment of the force F  

relative to the point B . 
Find the resultant force of three given forces: 

321 FFFF  , 

i.e. it is a sum of three vectors:  

   2,3,4736,124,112 F . 

Having the coordinates of start point and end point, find 
the coordinates of vector BAa  : 

   2,2,168,42,43  BAa . 

Use the vector product formula in Cartesian form to find 
the vector product Fa : 
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kjiijkkji
kji

Fa 51010628384
234
221  , 

 5,10,10Fa . 

And a value of the resultant force moment is 

1522551010 222 Fa . 

Its direction cosines are 

3
2

15
10cos 




 , 
3
2

15
10cos  , 

3
1

15
5cos  . 

Example 32. Prove, that     2222
bababa  . 

Solution. Use definitions of a scalar product and vector 
product of vectors 













bababa ,sin ; 











bababa ,cos , 

square both sides of each of the written equalities: 

  











bababa ,sin 2
222

;   











bababa ,cos2
222

, 

and add them 

    




















babababababa ,cos,sin 2
22

2
2222

 

22
22

22
,cos,sin babababa 

































. 
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Since, the magnitude square of the vector is equal to its 

scalar square, i.e. 
22

aa   and 
22

bb  , the resulting equality 

can be represented  

    2222
bababa  . 

Example 33. Find the angle between the diagonals of a 
parallelogram built on vectors qpa 3 , qpb 42   if 

1 qp , 060, 






 

qp . 

Solution. As you know, to calculate a parallelogram area, 
we can use these formulas 

baS   or 











2111 ,sin ddddS . 

From the last formula we can find the sine of the angle 
between diagonals,  

11
21,sin

dd

S
dd










 

, 

but, for this, we need to know the area of the parallelogram and 
the lengths of its diagonals. Applying the parallelogram rule for 
adding and subtracting vectors, we can find the lengths of the 
diagonals. Since we know that one of its diagonals is the sum 
of the vectors on which it is built, and the other is the 
subtraction. 

qpqpqpbad 734231  , 

qpqpqpbad  4232 . 

Calculate the magnitudes of these vectors 
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  
2222

11 4942973 qqppqpdd  

3749
2
142949,cos429

22













qqpqpp ; 

  
2222

22 2 qqppqpdd  

11
2
121,cos2

22













qqpqpp . 

Calculate the parallelogram area 

    pqqqppqppqqpbaS  333 , 

considering these properties of a cross product of the vectors  
p  and q :  0 pp , 03  qq  and qpqp  , we get 

3
2
32,sin222 












qpqpqpqpS . 

Now we can calculate the angle between the diagonals of a 
parallelogram 

0810,0
31
3

31
3,sin 21 







 

dd , 

0810,0arcsin, 21 






 

dd . 

Use the special tables or engineering calculator to find the 
angle. 
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Example 34. Find a vector that is orthogonal to the plane 
containing the points  8,1,3 A ,  1,2,4 В ,  1,3,5 С  

Solution. First of all we need two vectors that are both 
parallel to the plane. Using the points that we have (all in the 
plane) we can quickly get quite a few vectors that are parallel 
to the plane. Use the following two vectors. 

   7,1,181,12,34 AB ; 

   7,4,281,13,35 AC . 

Now we know that the cross product of any two vectors will be 
orthogonal to the two original vectors. Since the two vectors 
AB  and AС  are parallel to the plane (actually, they are lied in 
the plane in this case!), also, as we know that the cross product 
must then be orthogonal, or normal, to the plane. So, using the 
“trick” we used in the notes the cross product is, 

kjiijkkji
kji

ACAB 673528724147
742
711 


 . 

So, the desired orthogonal plane vector is  6,7,35 a . 
Example 35. Are vectors  3,1,2 a  and  9,3,6b  

parallel?  
Solution. Use the cross product 

091866189
936
312 


 ijkkji
kji

ba . 

So, the given vectors are parallel. 
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SCALAR TRIPLE PRODUCT 

Definition 15. The scalar triple product (also called the 
mixed product, box product, or triple scalar product) of three 
vectors a , b , с  is a number equals the scalar product of the 
vector с  with the vector product of two vectors, ba .  

It can be written   cba   or cba . Here, the parentheses 
may be omitted without causing ambiguity, since the scalar 
product cannot be evaluated first. If it were, it would leave the 
vector product of a scalar and a vector, which is not defined. 

Note that these three vectors are not coplanar (look at 
definition 9). Case, when these vectors are coplanar, will be 
considered further. 

The result of the scalar triple product is a number that can 
be as positive as negative, it depends on an orientation of a 
vectors system a , b , с . If this system has a right-hand 
orientation then the sign of the scalar triple product is plus, 
otherwise, it is minus sign. 

Geometrical interpretation of scalar triple product 
The geometrical interpretation of the scalar triple product 

is the (signed) volume of the parallelepiped (Figure 32) defined 
by the three given vectors a , 
b , с :  

  cbacbaV  . 

In case of three coplanar 
vectors, the building of a 
parallelepiped on these vectors 
becomes impossible thus its 
volume equals zero, and the 
coplanar condition can be Figure 32 

a  

b


 

c  
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formulated as: if three vectors are coplanar then their scalar 
triple product is zero, 

0cba . 

Properties of the scalar triple product 
1. The scalar triple product is unchanged under a circular 

shift of its three items 

abc cab bca 
   

. 

2. Swapping the positions of the operators without re-
ordering the operands leaves the triple product unchanged. This 
follows from the preceding property and the commutative 
property of the scalar product 

   cbacba  . 

3. Swapping any two of the three items negates the triple 
product. This follows from the circular-shift property and the 
non-commutative of the vector product 

abcbcacabcba  . 

4. Distribution property 

 a b d c abc adc    
     

. 

5. Associative property relative to a numerical factor 

     abc a b c ab c 
     

   . 

If vectors a , b , с  are given in Cartesian form, 
 111 ,, zyxa  ,  222 ,, zyxb   and  333 ,, zyxс   then their 

scalar triple product is calculated by formula 
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333

222

111

zyx
zyx
zyx

cba  , 

and a volume of the parallelepiped defined by these three 
vectors is 

333

222

111

zyx
zyx
zyx

cbaV  , 

in which the sign is taken identical with the sign of the 
determinant. 

Example 36. Vectors a , b , с  are satisfied to the state 
0 accbba . Prove that these vectors are coplanar. 

Solution. Do the scalar product with vectors a  and the 
given state and get 

      0 aacacbabaa  or 0 acacbabaa . 

However, vectors a , a , b  and a , с , a  are coplanar 
(according to the definition), come to the conclusion 

0baa , 0aca , 

and the expression 0 acacbabaa  can be changed by 
the new 0cba , based on which we can say that the vectors 
a , b , с  are coplanar. 

Note  21. The scalar triple product, where two vectors are 
equal, is zero. 

Example 37. Determine the parameter value   when 
vectors  2,2,1 a ,  1,2,1b ,  1,2,  c  are coplanar. 

Solution. Calculate the scalar triple product  
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


210224422
12

121
221







cba . 

If the given vectors are coplanar then 0cba , so 

50210   . 

Therefore, if 5  the given vectors are coplanar. 
Example 38. Calculate the volume of pyramid 

(tetrahedron) ABCD  (Figure 33) if points coordinates 
(2,2,1)A , (3,0,3)B , (13, 4,11)C , (0, 2,5)D  are given. 

Solution. Calculate the volume of pyramid ABCD  using a 
formula: 

1 ( , , )
6

V AB AC AD
  

. 

First of all, find the coordinates of 
vectors AB , AC , AD  starting 
from a common point A : 

(3 2,0 2,3 1) (1, 2,2)AB      


, 

(13 2,4 2,11 1) (11,2,10)AC    


, 

(0 2,2 2,5 1) ( 2,0,4)AD      


; 

1 2 2
( , , ) 11 2 10 8 0 40 ( 8)

2 0 4
AB AC AD


      


  
 

( 88) 0 144    ,   1 144 24
6

V    (units of volume). 

Figure 33 
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Example 39. Pyramid vertices are 1(2, 3,5)A  , 2 (0,2,1)A , 

3( 2, 2,3)A   , 4 (3, 2, 4)A . Calculate the length of the height 
drawn from the vertex 4A . 

Solution. The volume of pyramid can be found by the 

formula, 
3

HSV base  , whence 
baseS
VH 3

 . 

Base 1 2 3A A A  is a triangle; find his area using the vector 
product: 

1 2 3 1 2 1 3
1
2A A AS A A A A  
 

, 1 2 (0 2,2 3,1 5) ( 2,5, 4)A A       


, 

1 3 ( 2 2, 2 3,3 5) ( 4,1, 2)A A         


, 

1 2 1 3

5 4 2 4 2 5
2 5 4

1 2 4 2 4 1
4 1 2

i j k
A A A A i j k

   
       

   
 

 

   

( 10 4) (4 16) ( 2 20) 6 12 18i j k i j k           
    

, 

2 2 2
1 2 1 3 ( 6) 12 18 504 6 14A A A A      
 

, 

1 2 3

1 6 14 3 14
2A A AS     (unit of area). 

Calculate the volume of pyramid 1 2 3 4A A A A  using the 
scalar triple product of three vectors defined this pyramid. It is 
vectors 1 2A A


, 1 3A A


, 1 4A A


: 

1 2 1 3 1 4
1 ( , , )
6

V A A A A A A
  

, 1 4 (3 2,2 3,4 5) (1,5, 1)A A      


, 
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1 2 1 3 1 4

2 5 4
( , , ) 4 1 2 2 80 10 4 20 20 36

1 5 1
A A A A A A

 
         



  
, 

1 36 6
6

V    (units of volume). 

Then    3 6 6 6 14 6 14 3 14
14 73 14 14 14 14

H   
    


. 

Example 40. Prove that four points  1,2, 1A  ,  0,1,5B , 

 1, 2,1C  ,  2,1,3D  lie on the same plane. 
Solution. As we know that four points lie on the same 

plane if three vectors formed by these points are coplanar, so 
their scalar triple product is zero. 

Find the coordinates of these vectors, AB


, AC


, AD


: 

   0 1,1 2,5 1 1, 1,6AB       


, 

   1 1, 2 2,1 1 2,0,2AC       


, 

   2 1,1 2,3 1 1, 1, 4AD      


. 

Calculate the scalar triple product: 

 
1 1 6

, , 2 0 2 0 12 2 0 8 2 0
1 1 4

AB AC AD
 

        


  
. 

Thereby, points  1,2, 1A  ,  0,1,5B ,  1, 2,1C  , 

 2,1,3D  lie on the same plane. 
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LINEAR DEPENDENCE AND INDEPENDENCE  
OF VECTORS 

Definition 16. Expression in the following form 
rcba n  ...321


 is called a linear combination of 

vectors rcba ,...,,,


 with coefficients 1 , 2 , …, n  which 
are arbitrary numbers. 

Definition 17. The system of vectors rcba ,...,,,


 is 
called a linearly dependent if there is a linear combination 
equals zero vector: 

0...321  rcba n


                     (1) 

at least one of the coefficients 1 , 2 , …, n  in this linear 
combination is different from zero. 

If vectors rcba ,...,,,


 are linearly dependent, then at 
least one of them can be represented as a linear combination of 
the rest ones, for example: if 01   it follows from equality (1) 

that rcba n  ...32


, where 1 ii  , ni ,...,3,2 . 

Definition 18. The system of vectors rcba ,...,,,


 is named 
linearly independent if equality (1) holds only for 01  , 

02  , …, 0n  
Theorem (the linear dependence of vector systems): 
1) any four vectors in space are linearly dependent; 
2) a system of three vectors is linearly dependent if and 

only if these vectors are coplanar; 
3) a system of two vectors is linearly dependent if and only 

if these vectors are collinear; 
4) a system of one vector is linearly dependent if and only 

if this vector is zero. 
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Definition 19. An ordered system of linearly independent 
vectors such that any vector can be represented as a linear 
combination of these vectors is named a basis in space. 

A consequence of the theorem about the linear dependence 
of vectors systems: 

1) in three-dimensional space a basis is an ordered triple of 
any non-coplanar vectors; 

2) on the plane, the basis is any ordered pair of non-
collinear vectors; 

3) on a straight line, the basis is any non-zero vector; 
4) in the space consisting of only the zero vector, the basis 

is not exists. 
So, any vector can be represented as a linear combination 

of basis vectors. This representation (2) of the vector in the 
basis is called the decomposition and is carried out uniquely. 
The expansion coefficients are called coordinates or 
components of a vector in the basis. It can be written 

1 1 2 2 ... n na a e a e a e   
   

,                           (2) 

where 1 2, ,..., na a a  are coordinates of the vector a


 in the new 
basic. 

Example 41. Prove that vectors cba ,,


 form a basis. 
Find the coordinates of the vector d


 in this basis, if 

(1,3,6)a 
 , ( 3, 4, 5)b   


, (1, 7, 2)c  
 , ( 2,17,5)d  


. 

Solution. As we know the three vectors form a basis if they 
are not coplanar. Let's make a determinant of the coordinates of 
these vectors and calculate it, If this determinant is not zero, 
then these vectors form a basis: 

1 3 6
3 4 5 8 15 126 24 18 35 78 0

1 7 2
         


, 
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that is, the given vectors form a basis. 
Decompose a vector d


 in a new basis cba ,,


, write down 

the vector equation: xa yb zc d  
   . 

Make a system of equations and solve it by Cramer's 
method: 

3 2;
3 4 7 17;
6 5 2 5,

x y z
x y z
x y z

   
   
   

  

got the result that  78  , 

1

2 3 1
17 4 7 16 85 105 20 102 70 156
5 5 2

 
          


, 

2

1 2 1
3 17 7 34 15 84 102 12 35 78
6 5 2


          , 

3

1 3 2
3 4 17 20 30 306 48 45 85 78
6 5 5

 
         


, 

156 2
78

x   , 78 1
78

y   , 78 1
78

z 
   . 

Check out:        
 

2 3 1 1 2 3 1 2;
3 2 4 1 7 1 6 4 7 17;

6 2 5 1 2 1 12 5 2 5.

        

         

          

 

Thereby, 2d a b c  
   . 

 



64 
 

QUESTIONS FOR SELF-TESTS 

1. What is a vector? 
2. What is an opposite vector? 
3. What is the vector magnitude? How do calculate it? 
4. How to write the coordinates of a vector using unit 

vectors i , j , k ? 
5. What are the direction cosines? 
6. What conditions do you know about a point on the line? 
7. How to find the coordinates of the point which is the 

middle of a given vector?  
8. Is it possible to determine the coordinates of a point 

belonging to a straight line if we know the coordinates of two 
other points? Write down the formulas that can be used for this. 

9. Formulate properties of a scalar product. 
10. What do determine the sign of a scalar product? 
11. In what interval is the angle between the vectors if 

their scalar product is positive? 
12. How to use the concept of scalar product in 

mechanics? 
13. What is a scalar square? 
14. Does a scalar cube exist? Why? 
15. What can you tell about the angle between the vectors 

if the projection of one vector onto another is negative? 
16. Can we use transformations, which were applied in 

algebra, to ordinary pair products of factors of the first degree? 
17.  Can we use such transformations to the vector 

product? 
18. What is a right-hand system?  
19. Do you need to consider the orientation of a system?  
20. In which case we have to consider the orientation of a 

system? 
21. What is a geometric interpretation of the vector 

product? 
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22. Do the vector product commutative? 
23. Can we use the vector product to find the vector 

perpendicular to the two vectors at the same time? Why? 
24. In which way can we use the concept of a vector 

product to define a perpendicular vector? 
25. How to calculate the triangular area? 
26. Could items order be changed in the vector product? 
27. What can you tell about coordinates of collinear 

vectors? 
28. What is a moment of the force relative to the point? 
29. What vectors do we call coplanar? 
30. Which of the vectors products can be used to find the 

volume of the figure? How do compute it? 
31. What is a coplanar condition? 
32. What are the differences between the scalar product 

and scalar triple product? Do they have similarities? 
33. What is a basis? 
34. Which of vectors are called linear dependent? 
35. Could any vector be represented as a linear 

combination of basis vectors? Why? In which form? 
36. How to find the coordinates of the vector in a new 

basis? 
 



66 
 

TEST TO CONSOLIDATE THE STUDIED 

Choose the correct answer. 
1. Which of the following statements is the definition of a 

vector: 
a) quantity that has both magnitude and direction;  
b) quantity that has only magnitude;  
c) quantity that has only a direction;  
d) quantity that has a magnitude, but may or may not 
have a direction. 

2. At the figure below find equal and opposite vectors 

a) ba  , lf  ; b) ed  , mc  ;  

c) ga  , ef  ; d) le  , df  . 
3. Which of the following statements is true: 

a) any two collinear vectors are linear dependent;  
b) three coplanar vectors are linear dependent;  
c) any two collinear vectors are linear independent;  
d) three coplanar vectors are linear dependent. 

4. For what values of k  is true the equality 
aprojkakproj ll  : 

a) for any k ; b) not for one; c) if 0k ; d) if 0k . 
5. Which of expressions determines the projection of the 

vector a  onto the vector b


 

a  

b


 

Figure 34 
с  

d  
e  m  

g  

l  

f  
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a) 
a

baaproj
b


 ; b) 

b

baaproj
b


 ;  

c)  
ba

a
aproj

b 
  ; d) 

ba

b
aproj

b 
  

6. Define the collinear vectors:  5,3,0a ,  2,3,1 b , 
 5,3,0 c ,  6,9,3 d ,  4,6,2f ,  6,9,3e  

a) b  and d ; b) a  and c ; c) b  and f ; d) b  and e . 

7. Which of these vectors:  5,3,0a ,  5,0,1b , 
 0,2,0 c ,  5,0,0d , is parallel to the coordinate axis y0  

a) d ; b) с ; c) a ; d) b . 

8. Express a vector BE , which is a median of the triangle 
ABC , using vectors a  and b


, if a triangle ABC  built on the 

vectors a  and b


 that aCB  , bCA  : 

a) ab
2
1

 ; b) ba 
2
1 ; c) ba

2
1

 ; d) ab 
2
1 . 

9. Radius-vector magnitude of the point A  is 6 . It forms 
an angle 045  with the х -axis and an angle 060  with the y -
axis. Determine the coordinates of the point A  if its z -
coordinate is negative: 

a) )3,3,23(  ; b) )3,3,23(  ;  
c) )3,3,23(  ; d) )3,3,23(  .  

10. Vector a  forms the same angles 060  with the х -axis 
and with the z -axis. Determine the angle between the vector a  
and the y -axis 

a) 045  or 0135 ; b) 030  or 0150 ;  



68 
 

c) 045  or 0135 ; d) 030  or 0150 . 

11. What condition must be satisfied for the vectors a  and 
b


 if vectors ba   and ba   are collinear: 

a) ba  ; b) ba // ; c) ba  ; d) ba  . 

12. Does this equality   2222
bababa   true 

a) no; b) yes, only if ba // ; c) yes; d) yes, only if ba  . 
13. Find aa  

a) 
2

a ; b) 0 ; c) a ; d) a2 . 

14. What is a feature vectors ba,  have if the following 

relation holds for them: b
b

a
a

11
  

a) ba // ; b) vectors ba,  have the same direction;  
c) ba  ; d) ba  . 

15. What condition must the vectors ba,  satisfy so that the 
vectors ba 3  and ba 3  were collinear 

a) ba  ; b) ba  ; c) ba  ; d) ba // . 
16. Knowing the coordinates of the vertex )3,6,1( A  and 

sides  5,3,0AB  and  1,2,4 BC , find the length of the 
edge: 

a) 8,7 ; b) 3,6 ; c) 5,7 ; d) 2,8 . 

17. Do it    22 babaa  if 4a , 5b , and angel 

  060,  ba :  

a) 97 ; b) 137 ; c) 8,63 ; d) 5,68 . 
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18. Find the projection of the vector  1,3,1 a  on the 
vector PQ  if points )5,7,5( P  and )9,9,7( Q  are given: 

a) 5 ; b) 3 ; c) 3 ; d) 7 . 
19. Three vertices )2,1,1( A , )2,6,5( B , )1,3,1( C  of a 

triangle ABC  are given. Calculate the length of the height 
drawn from the vertex B  to the edge AC : 

a) 5,2 ; b) 5 ; c) 5,12 ; d) 25 . 
20. The coordinates of the triangle vertices )0,0(O , 

)0,2( aA , ),( aaB   are given. Find the angle formed by the 
edge OB  and median OM  of this triangle 

a) 
2
2arccos ; b) 

2
5arccos ;  

c) 
5

1arccos ; d) 
5

2arccos . 

21. Calculate a work of a force  5,2,3 F  applied to 
the point  5,3,2 A  moving it to the point  1,2,3 B : 

a) 35 ; b) 29 ; c) 31; d) 33 . 
22. Which of the following equalities is true: 

a)     cabcba  ; b)     abccba  ; 

c)     bcacba  ; d)     acbcba  . 
23. Calculate the volume of the tetrahedron and the length 

of its height dropped from the vertex D  if its vertices are 
)2,3,2(A , )2,1,4( B , )7,3,6(C , )8,4,5( D : 

a) 
3

154
V , 

2
11

h ; b) 308V , 66h ;  

c) 308V , 11h ; d) 
3

154
V , 11h . 
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24. The vectors jia  , kjb 23  , kjic  35  
are given. Find a vector x  satisfying the following conditions: 

38 xa , 133 xb , 0 xc . 

a) kjix 861325  ; b) kjix 651325  ; 

c) kjix 861325  ; d) kjix 862513  . 

25. Calculate a moment of a force  6,5,1F  relative to 
the point  4,3,1 B  if it applied to the point  1,2,4A  

a)  14,13,19 BM ; b)  61,23,31 BM ; 

c)  14,13,19BM ; d)  16,23,31BM . 

26. Simplify the expression      jikkijkji  653  
a) 14 ; b) 2 ; c) 8 ; d) 8 . 

25. The scalar triple product of non-zero vectors is zero: 
  0 cba . What can we say about the relative position of 
the vectors 

a) vectors a , b , c  are mutually perpendicular; 
b)   0 cba does not make sense; 

c) vectors a , b , c  are coplanar; 
d)  vectors a , b , c  are non-coplanar. 

27. Vectors rcba ,...,,,


 are linearly dependent if there 
are such coefficients 1 , 2 , …, n  then 

a) 0...321  rcba n


 and 0... 22
2

2
1  n ; 

b) 0...321  rcba n


 and 0... 22
2

2
1  n ; 

c) 0...321  rcba n


 and 0... 22
2

2
1  n ; 

d) 0...321  rcba n


 and 0... 22
2

2
1  n . 
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28. Decomposition of a vector a  in the basis 321 ,, eee  

is given 321 32 eeea  . Write vector components 
a) 321 ,3,2 eee  ; b) 321 ,3,2 eee ;  

c) 321 ,3,2 eee ; d) 1,3,2  . 
29. Vectors  1,3 a ,  1,3 b ,  1,3 c  are given on 

the plane. Decompose vector cbap   into a vectors basis 
a  and b  

a) bap
2
1

2
1

 ; b) bap 32  ;  

c) bap 52  ; d) bap 2 . 

30. What condition must the vectors ba,  satisfy so that the 
vector bas   divided in half the angle between the vectors 
a  and b   

a) ba  ; b) ba  ; c)  
2

, 
 ba ; d) ba  . 

31. Find the unit vector that is perpendicular to the vectors 
kjia 2  and kjib  2  

a)  kji  3
11
1  or  kji  3

11
1 ; 

b)  kji  3
2

1  or  kji  3
11
1 ; 

c)  kji  3
7

1  or  kji  3
7

1 ; 

d) kji  3  or kji  3 . 
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APPENDIX A 
 

The standard basis vectors (orts) 
 
The unit vectors i , j , k  are standard basis vectors (in the 

other words, orts). They are located at the coordinate axes and 
shown the positive direction. They are similar to unit segments 
on the coordinate axes in a Cartesian coordinate system 
(Figure A.1). 

 
In the three dimensional space there are three standard 

basis vectors, 
 0,0,1i ;  0,1,0j ;  1,0,0k . 

In the two dimensional space there are two standard basis 
vectors, 

 0,1i  and  1,0j . 

Note that standard basis vectors are also unit vectors. 
 

х 
y 

0 

z 

Figure A.1 

i  
j  

k
 

х 0 1 

y 

1 
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APPENDIX B 
 

Force and reaction 
 

Force is expressed in pressure and in tension. The most 
common efforts are those created by gravity of the Earth, for 
examples, a book presses on a table; suspended load stretches 
the suspension. As it is known in mechanics, there are free and 
non-free bodies. Bodies restricting the movement freedom of a 
given body are called links. And the forces with which links act 
on the body are called link reactions. One of the main 
principles of mechanics is the principle of exemption from 
links, according to which a non-free body can be considered as 
a free body if we discard the links acting on it and replace them 
with forces, i.e., link reactions. The direction of the reactions 
depends on the direction of the links and the loading scheme. 
The reaction of a “weightless” cable (thread, chain, rod, bar) is 
always directed along the cable (thread, chain, bar) (figure 
B.1). 

 
 

Figure B.1 
a – the beam hangs on two cables; б – the action of the cables is 

replaced by forces Т1 и Т2; c – ideal bar link; 
d – perfect thread link 

     c                                                                  d 

     b                                                                  
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APPENDIX C 
 

Right-hand and left-hand coordinate system 
 
Let vectors a , b , c  be three nonzero vectors which are 

not collinear to the one plane taken in a specified order and 
they have the common starting point, and they are not coplanar 
vectors. 

The system of three vectors a , b , c  is the right-hand 
coordinate system (Figure C.1) if the shortest rotation of the 
vector a  to the vector b  is performed counterclockwise for the 
observer which is at the end of the vector c . If this rotation is 
performed clockwise, then such a system of vectors is the left-
hand coordinate system (Figure C.2). 

 
 
 
 
 
 
 
 
 
 
 

Note, that the system of three vectors parallel to one plane 
is “neutral”: it is neither right nor left. 

If the vectors system a , b , c  is left-hand, then the vectors 
system b , a , c  is right-hand. So, two systems  

a , b , c  and b , a , c  

have an opposite orientation. 

a  

 

b


 

c  

Figure C.1 

 

b


 

c  

a  

Figure C.2 
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APPENDIX D 
 

Vector moment of a force 
 

The vector moment of a force with respect to a point is the 
vector applied at this point and equaled in magnitude 
(Figure D.1) the product of the force on the shoulder of the 

force with respect to this point.  
The vector moment is a 

perpendicular to the plane in which 
the force and the point lie, so that 
from its end you can see the force 
“tendency” to rotate the body 
counterclockwise. Then,  

FOAM  , 

   FrFrFOAFOAFOAM ,sin,sin  . 

The vector moment of a force relative to a point does not 
change when the force glides along the line of action and is 
equal to zero if the line passes through the point О .  
 

The moment of a force with 
respect to the axis is the 
algebraic moment of the 
projection of this force onto a 
plane is perpendicular to the axis 
(Figure D.2), relative to the 
intersection point of the axis with 
this plane. 

Note, that the moment of the 
force with respect to the axis is  

                                                zero if the force and axis lie in  
the same plane.

Figure D.1 

Figure D.2 
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